THE MORSE INDEX OF A MINIMAL SURFACE

OTIS CHODOSH

These are an my notes for a minicourse given January 2024 at the Fifth
Taiwan International Conference on Geometry at National Taiwan University.
Many thanks to the organizers and attendees for making this possible. Thanks
also to Haotian Xue for pointing out some mistakes in the notes. Further
references concerning the topics discussed here include [Sim83, [HK97, [CM11],
Whil3l, [Cho21].

1. FIRST AND SECOND VARIATION OF AREA

Considelﬂ M™ C R a minimal hypersurface. We'll always assume that M
is two-sided, namely there’s a continuous choice of unit normal (often called the
Gauss map) v: M — S™ C R""!. Recall that the (scalar) second fundamental
form of M is

AX,Y) = (Dxv,Y)

and the mean curvature is H = tr A. To say that M is a minimal hypersurface
means

d
i area(M;) =0

for any compactly supported variation t — M;; by the “first variation of area”
this is equivalent to vanishing of the mean curvature: H = 0.

If the (smooth compactly supported) variation ¢ — M; has initial velocity
v then

2

d
(11) Gl meah) = [ V4P~ 1476 = Que).
= M

Date: July 31, 2025.
IThe majority of our discussion extends in a straightforward manner to M immersed; we’ll
comment on this more later.
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Geometrically, Qps(¢) encodes the second-order (in-)stability properties of M.
These notes are concerned with the Morse index of M as defined by

(1.2) index(M) :=sup{dimV : V C C*(M),Qpn < 0on V\ {0}}

i.e., the maximal dimension of a space of variations destabilizing M to second

order.

Remark 1.1. If R*"! is replaced by a Riemannian manifold (X", g) then
the second variation is similar: Qu(¢) = [, [Ve|> — (|A]* + Ricx (v, v))p*.

2. QUALITATIVE PROPERTIES OF THE MORSE INDEX

Consider M™ C R""! complete two-sided minimal hypersurface (we’ll always
assume M is connected). We say that M has finite index if index(M) < oo as
defined in (1.2)) and finite total curvature if |A| € L™(M). The basic qualitative

result concerning the index is as follows:

Theorem 2.1. Letn+1 € {3,4,5}. A complete two-sided minimal hypersur-
face M™ C R™ has finite index if and only if it has finite total curvature.

For M? C R3 this was proven independently by Fischer-Colbrie [FC85] and
Gulliver [Gul86] in the 1980’s. For M3 C R* this was proven by Chodosh—
Li [CL21] (cf. [CL23|, [CMR22]) in 2021 and for M* C R’ very recently by
Chodosh-Li-Minter—Stryker [CLMS24]. In R® and beyond, the equivalence of
finite total curvature and finite index fails (basically due to the existence of

non-flat area-minimizing cones):

Theorem 2.2 ([Sim67, BDGGG9, [HS85]). For n + 1 > 8 there is a com-
plete two-sided minimal hypersurface M™ C R™ with index(M) = 0 but with

infinite total curvature.

It’s known in all dimensions that finite total curvature implies finite index.
The converse is thus open in R®, R7. With additional volume growth assump-
tions it is known to hold in these dimensions:

(1) M® C R® with intrinsic Euclidean volume growth |B)| = O(p°) (see
Proposition ,

(2) M® C R® with extrinsic Euclidean volume growth |[M N B,| = O(p°)
(Tysk [Tys87], see Remark [6.2).
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3. FINITE TOTAL CURVATURE

The finite total curvature condition places strong restrictions on the geome-
try of a minimal hypersurface. The following result gives a general description

of the asymptotic behavior.

Theorem 3.1 ([Oss64), [And84]). If a complete two-sided minimal hypersurface
M™ C R™* has finite total curvature then:

e M is topologically finite in the sense that its diffeomorphic to a closed
manifold with finitely many punctures M ~ M \ {p1,...,p,},

e the Gauss map extends to a C'-map v : M — S",

o M is properly embedded with Euclidean volume growth |M N B,| =
O(p"),

e there’s a hyperplane I1 C R so that each of the finitely many ends
of M is an outer graph a function on Il of the form alogr +b+ ...
whenn =2 and a + br>=" + ... when n > 3.

A proof can be found in Appendix [A]

Remark 3.2. This holds with some modifications even if M is immersed. For
n > 3 this holds with essentially no change, but when n = 2 the ends of M
could have multiplicity (see Figure. In fact, this result can even be extended
to higher co-dimension minimal surfaces (cf. [CO67, [And84]).

Exercise 1. Using Theorem and Gauss—Bonnet, show that if M? C R? is
complete, two-sided, minimal surface of finite total curvature, then the total

curvature is quantized: 1 [, |A|? = 4xk for some k € {0,1,2,...}.
We have the following (see Exercise [11)):

3.1. Conformal properties. Theorem [3.1]| can be considerably improved for

M? C R? by taking the conformal structure of M into account.

Exercise 2. If M? C R? is two-sided minimal show that the Gauss map

v: M — S? is conformal (and orientation reversing).

Theorem 3.3 (|Oss64]). When n =2 in Theorem the relationship M =~
M\ {p1,...,p.} can be chosen to be a conformal diffeomorphism. Moreover,

the Gauss map extends as a conformal map v : M — S?.
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We now relate (following Fischer-Colbrie [FC85]) the second variation of

area on M to an eigenvalue problem on M. For v a constant vector, note that
IV (v, v) |2 = JAC VTP,
SO summing over v = ey, €s, eg the standard Euclidean basis, we find
3
Vo= IV = AP
k=1

¥ = (v, ep). Thus, the second variation of area can be written as

Qi) = /M IVl — Vo lul)dp

where v

Since the Dirichlet integrand |V f|?du is conformally invariant, we can fix
some metric § on M so that it’s conformal to g away from the punctures (for

example, we can fix g to have constant curvature) and observe that
Qui(¢) = Qulo) i= [ (Tl = [Vofu)dp.
M

Clearly index(Qy/) < index(Qj;) where the latter is considered as a bilinear
form on C>(M) since C(M \ {p1,...,p,}) C C=(M). Tt turns out that the
opposite inequality holds as well [FC85]:

Exercise 3. Prove that index(Q)s) = index(Qy;) < o0.

In particular, M? C R3 finite total curvature has finite index. What’s more,
index(M) only depends on (1) the conformal type of the compactified surface
M and (2) the Gauss map v : M — S§%. See also [MRI1].

3.2. The CLR inequality. For R* and beyond, the fact that finite total
curvature implies finite index is a consequence of a general fact about the

index a Schrédinger operator. For V' € CX (M) on (M,g) a Riemannian

loc

manifold we can define the bilinear form

(3.1) Qo) = /M Vel? — Vi,

on C°(M). (The case of M™ C R™! two-sided minimal is V' = |A]?.) We
can define index(Q) exactly as in ([1.2)). For n > 3, the so-called Cwikel-Lieb—

Rozenblum inequality estimates the index of a Schrodinger operator on R™
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from above by L™?-norm of the potential V. We have the following version of
this due to Li-Yau that holds on a general Riemannian manifold (M", g) (for
n > 3) where the Euclidean Sobolev inequality holds.

Theorem 3.4 ([LY83]). For n > 3 assume that (M™,g) satisfies a Euclidean
Sobolev inequality, namely there’s S > 0 so that

(32) ( / f) <s [ v

for all f € CX(M). Then for V € CL2, the index of the bilinear form defined
in (3.1) satisfies
index(Q) < C / Ve

M
where C'= C(n, S) depends only on the dimension and Sobolev constant.

Remark 3.5. Such an inequality cannot hold for general Schrodinger opera-
tors on R? since if V' > 0 is any non-zero potential then index(Age + V) > 1
(by a logarithmic cutoff argument), but we can arrange that C' [V < 1.

The Michael-Simon-Sobolev inequality [MS73] says that M™ C R"*! min-
imal satisfies a Sobolev inequality. (Brendle recently proved [Bre21] that the

constant in the Sobolev inequality can be taken to match the Euclidean one.)

Corollary 3.6. For n+1 >4, if M™ C R*™! has finite total curvature then

it has finite index. In fact, we can estz’mateﬂ
(3.3) index(M) < C/ |A"
M

We remark that even though the CLR inequality doesn’t hold for general
2-dimensional Schrodinger operators, an inequality of the form actually
does hold for minimal surfaces M? C R®. The best known such estimate is
due to Ejiri-Micallef [EMOS] (see also [Tys87]):

index(M) < -3+ % /M |A?

Recall (Exercise [1]) that the total curvature is quantized (unlike the case of

general potentials); this explains why there’s no obvious contradiction here.

n

2The constant C' may be taken = %_1 (n(332)>5~
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Catenoid

Hoffman—Meeks deformation of Costa Costa—Hoflman—Meeks

FIGURE 1. Embedded finite total curvature minimal surfaces in R3.

Enneper Chen—Gackstatter Jorge-Meeks

FIGURE 2. Immersed finite total curvature minimal surfaces in R?
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Helicoid Riemann Scherk

FIiGURE 3. Infinite total curvature minimal surfaces in R?

4. EXAMPLES

Examples of embedded finite total curvature/finite index minimal surfaces
M? C R
(1) Plane: M = S?, index = 0
(2) Catenoid: M = §?, index = 1
(3) Costa’s surface: M = C/L(1,i), index =5
(4) Costa-Hoffman-Meeks (flat middle end): My = ({(z,w) € CU{occ})? :
whtl = 2F(2% — 1)} (genus k > 1), index = 2k + 3 [Nay93, Mor09]
See Figure Eﬂ Non-examples: any periodic surface (e.g. helicoid, Riemann
example, Scherk surfaces, etc.), see Figure . Immersed examples:
(1) Enneper’s surface: M = S?, index = 1
(2) Chen—Gackstatter surface: M = C/L(1,4), index = 3 [MR91], Corol-
lary 15]
(3) Richmond surface: M = S?, index = 3 [Tuz91]
(4) Jorge-Meeks r-noid: M = S?, index = 2r — 3 [MR91], Corollary 15]
See Figure 2]

Remark 4.1. Enneper’s surface and the catenoid look very different but both
have the same conformal compactification and compactified Gauss map. For
example, the catenoid has M = C\ {0} and up to identifying S* ~ CU{oo} via

3All pictures from Weber’s Minimal Surface Archive https://minimal.sitehost.iu.ed
u/archive/index.html.
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orientation reversing stereographic projection, the Gauss map is z. Enneper’s
surface has M = C and the same Gauss map. Thus, it’s not a coincidence

that both surfaces have the same index.

In R* and beyond, only a few examples are known:

(1) Hyperplane: index = 0

(2) Higher dimensional catenoid: index = 1

Coutant has constructed [Coul2] general class of examples that look like hy-
perplanes connected by catenoids (satisfying a balancing condition; in R? this
was done by Traizet [Tra02, [Tra04]; the Hoffman—Meeks deformation of the

Costa surface eventually lies in this regime).

5. CLASSIFICATION RESULTS AND CONJECTURES

We now discuss the known results classification classifying low-index com-

plete minimal hypersurfaces.

5.1. Surfaces in 3-dimensions. Complete two-sided minimal M? — R3:

(1) index(M) = 0 = flat plane (Fischer-Colbrie-Schoen, do Carmo—Peng,
Pogorelov [FCS80, [dCP79, [Pog81])

(2) index(M) = 1 = catenoid or Enneper (Lépez—Ros [LR89))

(3) index(M) = 2 does not exist (Chodosh-Maximo [CM16], [CM18])

In passing we mention that index(M) = 0 and one-sided does not exist (Ros
[Ros06]). When M? C R?® is embedded then index(M) = 3 does not exist
(Chodosh-Maximo [CM18]). Natural problems:

(1) Classify immersed M? — R? with index(M) < 3. (Known examples:
plane, catenoid, Enneper, Chen—Gackstatter, Richmond, Jorge—Meeks
3-noid)

(2) Classify embedded M?* C R?® with index(M) < 5. (Known examples:

plane, catenoid, Costa, Hoffman—Meeks deformationﬁ of Costa surface)

“HoffmanMeeks show (cf. [HK97]) that it’s possible to deform the flat end of the Costa
surface into a catenoidal end. The index of the resulting surfaces satisfies index(M;) > 4
[CMI8] [Che23] but the exact value is unknown.
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5.2. Ros’s harmonic 1-form method. We briefly mention the techniques
used in [CM16], [CM18] to reduce low-index classification to the classification of
finite total curvature M? C R? with simple topology. The main idea due Ros
[Ros06] is to use harmonic 1-forms w as test functions in the second variation

of area. Pushing this idea as far as possible leads to:

Theorem 5.1 (Chodosh-Maximo [CMI8]). If M? C R3 is complete finite

index minimal surface with genus g and r ends then
1
index (M) > 5(2g +4r —5).

So, for example, if M? C R3 has index(M) < 3 then g + 2r < 7 and it’s
possible to classify [Sch83l [LRI1l [Cos91] the possible such M. We remark that
this estimate is a kind of reverse CLR inequality (cf. [CM18 Theorem 1.10])

5.3. Higher dimensions. Complete two-sided minimal M" — R

(1) index(M?® — R*) = 0 = hyperplane (Chodosh-Li [CL21] cf. [CL23|
CMR22)

(2) index(M* — R®) = 0 = hyperplane (Chodosh-Li-Minter—Stryker
[CLMS24])

(3) index(M™ — R"™) =0, n+1 <7, and |[M N B,| = O(p") = hyper-
plane (Schoen—Simon—Yau [SSY75], Schoen—Simon [SS81a], Bellettini
[Bel23]).

Natural problems:
(1) Classify index(M™ — R"™) =0 for n + 1 € {6,7} (hyperplanes?).
(2) Classify index(M"™ C R"™) =1 for 4 < n+ 1 < 7 (higher-dimensional
catenoid?).
We note that Li has proven [Lil6] an estimate analogous to Theorem [5.1| for
M3 C R

6. FINITE INDEX IMPLIES FINITE TOTAL CURVATURE (THEOREM [2.1]

We now discuss the implication that if M™ C R"*! of finite index then it has
finite total curvature (when n+1 € {3,4,5}). A basic fact about Schrodinger

operators of finite index is that they are outer-stable:
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Exercise 4. For a general Schrodinger operator A + V' on a Riemann man-
ifold (M, g) with index(A + V') < oo prove there’s K C M compact so that
Ji IVel? = V? >0 for any ¢ € C*(M \ K).

Proposition 6.1. Let n + 1 < 6. Consider M™ C R"™ a complete outer-
stable, two-sided, minimal hypersurface with intrinsic Fuclidean volume growth
|B)| = O(p™). Then M has finite total curvature.

Proof. By work of Schoen—Simon-Yau [SSY75] (cf. [CL21, Appendix D]) if
4 <n+1 <6 then we can upgrade the stability inequality for M \ K to read

(6.1) / mmwsq/ Vel
M\K M\K

for some C' = C(n) and any ¢ € C*(M \ K) (if n + 1 = 3, this also holds
just from the stability inequality with C' = 1). Taking ¢ to be a linear cutoff
between Bé” and B% , modified to cut off in a fixed neighborhood of K, we
obtain

| Vel =c o Bl =00,
M\K

so since |A] is in L], we can conclude from (6.1)) that |A| € L"(M). O

Remark 6.2. Tt’s not known if (6.1)) holds for outer-stable M°® C R”. We
remark that Tysk [Tys89] has shown how to use the workf] of Schoen-Simon
[SS81D] to obtain finite total curvature for outer-stable M C R” with the

stronger assumption of extrinsic Euclidean volume growth [M N B,| = O(p°).

Theorem 6.3. If M? C R3 complete, outer-stable, two-sided minimal hyper-

surface then M has intrinsic quadratic area growth |B)'| = O(p?).

This proves Theorem for M? c R3. We give a proof following the
work of Gulliver—Lawson [GL86] (see also [Pog81] [CM02| [Cas06l, ER1T) Esp13],
BC14]). A different approach is found in the work of Fischer-Colbrie [FC85]
who directly proves that each end of M? C R? is conformal to a punctured disk
D\ {0}. (Granted this fact, it is straightforward to construct a logarithmic
cutoff function to deduce that M has finite total curvature from which it
follows a posteriori that M has quadratic area growth.)

®Note that the work [SS8IB] does not consider immersions (in contrast to what is claimed
in [Tys89]). However, this has can be fixed using to recent work of Bellettini [Bel23].
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Sketch of the proof. Let K C M be compact with smooth boundary so that
M \ K is stable. We can enlarge K so that each component of M \ K is
non-compact.

Write p: M\ K — [0,00) for the intrinsic distance function to K. In this
sketch we ignore the fact that p and it’s level sets will not be smooth in general.ﬁ
Write Q(s) = p71([0,5]), 7(s) = p~!(s), and L(s) = length(y(s)). Since
Dv has trace-zero, we find the Gaussian curvature satisfies K; = det Dv =

—3|Dv|? = —|AJ]%. Thus, the first variation of length and Gauss-Bonnet gives

1
L'(s) = / k= / k+2mx(Qs)) + —/ |AJ2.
+(s) oK 2 Jaws
Note that x(€2(s)) <0, so

1
L'(s)<C+ —/ |AJ?
2 Jaws

for C' independent of s. We now consider ¢ = ¢(p) in stability, where

t t<1

Ple) = R'1+R—-s) te(l,R+1]

(this is not smooth but its use be justified by an approximation argument).

Using the co-aream formula, we obtain

QDLRRR+ D\ 2(1)

— [ el [ wep
Q(1) QR+1\Q(1)

> [ APl [ Al
(1) QR+1\Q(L)

1 R+1

= / (/ \A[Q) s%ds + R_z/ (/ |A\2) (1+ R — s)ds

0 ~(s) 1 v(s)

L, [T d 2 2
=C+R — Al ) (1+ R —s)%ds
1 ds \Jag)

5These calculations can be rigorously justified using [Har64] (see also [ST89, [ST93]).

"See [Sim83 Theorem 7.3]. For our purposes we just need to know that if a function
f:(M,g) — R has gradient |V f| ~ 1 then up to a multiplicative error, we can write an
integral over M as an average integral over level sets of f.
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L R+1 1 )
=C+4R 5 A ) (1+ R — s)ds
1 Q(s)

R+1
ZC+4R_2/ L'(s)(1+ R — s)ds
1

R+1
=C+ 4R—2/ L(s)ds
1
= O+ 4RZ|QR+ 1)\ Q(1)].

Rearranging this yields R72|Q(R + 1) \ Q(1)] = O(1). This completes the
proof. 0

6.1. Finite topology. We now turn to the proof of Theorem in R* and
R5. Here it is crucial to know a priori that finite index implies finite topology

in a certain sense. We define the space of L?-harmonic forms by
HEL (M) = {w € CZ(APT* M) : dw = d*w = 0} N L2(A*T*M).
and set b¥, (M) := dim H%,(M).

Proposition 6.4 (Li-Wang [LW02], cf. [CSZ97]). Forn+1 > 4, if M" C R**!

is a complete, outer-stable two-sided minimal hypersurface then by,(M) < cc.
Proof. A harmonic 1-form satisfies the Bochner formula

1

§A|w|2 = |Vwl|? + Ric(w?, w?).

The Gauss equations and minimality imply that Ric > —|AJ?. Furthermore,

we recall the improved Kato inequality:
Exercise 5. Prove that |Vw|? > 2| V|w||?.

Thus,
1
ol Aol + [ APl > V]

If o is supported in the stable part M \ K then taking ¢|w| in stability yields

1
/ PIAPIWP < / WPVl + 2 (V2 VIwP) + [Vl 2
M M 2

1
= [ WPV - Al + [Tl
M
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- / WP Vel? - Il Alw]
M

1
—_1/ !V|w||2s02§/ WVl
n M M

In particular, we get
[ vebE < [ P
M M

Since n > 3, we can combine this with the Michael-Simon Sobolev inequality

so this yields

to obtain

n—2

([ o) " < [ upiver

for suppp € M \ K.
In particular, fixing zp and p > 0 so that K & Bé”(:po) we can choose a

good cutoff function (using w € L?) to conclude

n—2

/ wis) <c / WP
M\BM (o) BM (z0)\K

Holder’s inequality and hole-filling gives

J

where C' depends on p and M but not w. On the other hand, Moser iteration

M
pt1
applied to the Bochner formula (on B} (z) C B}, (x)) gives

sup Jw? < C / wf?
BM (z0) B%H(:ro)

so we can combine these inequalities to get

(6.2) sup |w*<C |w]?.

BM (20) B (x0)
We claim that such an inequality can only hold of the space of forms is finite
dimensional. To prove the claim (cf. |[Li80, Lemma 11]) we define a bilin-
ear form on H},(M) by (w,w') == [ B (z0) (w,w’). Unique continuation for
harmonic forms implies this is an inner product. Let E C Hj.(M) be finite

dimensional and then fix an (-, -)) orthonormal basis wy, ws, . .., w, for E. Note
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that

¢
F(z) = |wi(2)*
j=1
is independent of the choice of orthonormal basis. Let 2y € B} (o) satisfy

F(z) = sup F(z)

z€BM (x0)
Define
Ey:={w € E:w(z) = 0} = ker(w — w(z) € T, M).
Write Ey for the orthogonal complement of Ey in E. Since dim T; M =n, we
find that dim £~ < n. We now choose an orthonormal basis wy,...,w; of E
so that wy, € Ey for k > n (concatenate an orthonormal basis for EOL with an

orthonormal basis of Ey). Thus we get

dim F = / F(z)
BM (z0)

< |B,"(z0)] sup F(z)

z€BM (o)

= |B," (20)|F (20)

< |B, (20)] ) lwi(z0)[?

k=1

< C|BY (xy)| / onl?
’ ,; BM (w0)
< C|B£/[(x0)|n

This completes the proof. ([l

The next lemma is basically [Car07, Theorem 1.10 and Proposition 2.11].

Lemma 6.5. For n +1 > 4, consider M™ C R""' a complete, outer-stable
two-sided minimal hypersurface, and 21 C Qs C ... an exhaustion of M by
bounded regions with smooth boundary so that each component of M\SY; is non-

compact. Then 0S); has a uniformly bounded number of connected components.

Exercise 6. If the conclusion fails show that dim Hy(M) = co.
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Proof. Combining Exercise [6] with Poincaré duality gives dim H}(M) = oo
(we’ll use compactly supported de Rham cohomology). By Hodge theoryﬁ we

have the orthogonal direct sum decomposition

LA(T*M) = Hi2(M) ® dC=(M) @ d*Ce(A2T* M)

so we can define a linear map H!(M) — H1,(M) by orthogonal projection. We
claim this map is injective when we have a Sobolev inequality. Suppose that
[a] +— 0. Since avis closed, we have that o € d*C"’O(AQT*M)L7 soa € dC=(M),
i.e., there’s fr € C>°(M) with dfy, converging to « in L?*(T*M). Using that M
satisfies the Sobolev inequality [MS73l, [Bre21], we conclude that f; limits to
some [ € L%(M ). Since « has compact support, we find that f is locally

constant outside of the compact set suppa. In particular, since the ends
of M have infinite volume and f € L%(M), we see that f € CX(M), so
[a] =0 € H}(M). This completes the proof. O

6.2. Area-controlled exhaustion. We have the following (non-standard)

definition:

Definition 6.6. A complete, outer-stable, two-sided minimal hypersurface
M™ C R™! has the area-controlled exhaustion property if there’s C' > 0, x( so
that for any p > 0 sufficiently large, there’s a compact set {2 D Bl],” (o) with
smooth boundary so that any connected component ¥ of 9Q has |3] < Cp™!

Lemma 6.7. For n +1 < 6, a complete, outer-stable, two-sided minimal
hypersurface M™ C R™™! with the area-controlled exhaustion property has finite

total curvature.

Proof. For p > 0 sufficiently large, choose €2 as in the definition. If any com-
ponent of M \ € is compact, we can add it to 2 without changing the asserted
property. By Lemmal6.5] 92 has a uniformly bounded number of components.
Thus |0Q] < Cp"~!. Since M satisfies the Euclidean Sobolev inequality, it also

satisfies the Euclidean isoperimetric inequality. Thus
‘By(iﬁo)’ <19 < CloQ|=T < Cp™.

8Elliptic regularity and duality gives Hi, = (dC®)*t N (d*C®)*. Integrating by parts,
d* = 0 implies that dC2® L d*C°. See [Car07, §1.1.3]
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The assertion then follows from the Schoen—Simon—Yau estimates (see Propo-
sition [6.1)). O

Thus, the proof that M™ C R"*! of finite index has finite total curvature is
completed for n+ 1 € {4,5} (see Theorem [2.1)) is completed via the following
result:

Proposition 6.8 (|CL23, I[CLMS24]). For n+ 1 € {4,5} a complete, outer-
stable, two-sided minimal hypersurface M™ C R has the area-controlled

exhaustion property.

It’s unclear if Proposition holds for n+1 € {6,7}. In fact, it might very
well hold for all dimensions, not just n 4+ 1 < 7 (but there’s little evidence in
either direction).

The main technique (as discussed in the next section) used to prove Propo-
sition 6.8]is the analysis of stable pu-bubbles (prescribed mean curvature hyper-
surfaces) in a conformally related metric first introduced by Gulliver—Lawson

[GL86] during their study of removable singularities for stable minimal surfaces
in R3.

7. THE GULLIVER—LAWSON CONFORMAL METRIC

Consider M™ C R™"! complete, outer-stable, two-sided minimal hypersur-
face. Let g denote the induced metric on M. Let r(x) = |z| denote the
ambient Euclidean distance (restricted to M). It’s convenient to assume that
0 ¢ M. Following [GLS6] we consider g := r—2g. As we'll see, (M, g) has

positive curvature (scalar, bi-Ricci) in a spectral sense.

Exercise 7. Prove:
(1) g is complete,
(2) Alogr =n(1— |Vr]?),
(3) PR=R—2n(n—1)+ (n—1)(n+2)|Vr[
We can assume that M \ K is stable for K compact. In particular, outer-

stability implies that

[ webdu= [ 1apsdn =0
M M
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for any p € C°(M \ K).

Proposition 7.1 (J[GL86]). For n+1 > 4, (M \ K, g) has strictly positive

scalar curvature in a spectral sense. More precisely

/M (IWI"’ + (f% G Qi(" - 2)) so2> dji > 0

for any p € C*(M \ K).

Note that if R > W then this inequality would automatically hold.
That’s why this can be viewed as a spectral version of positivity of scalar

curvature.

Proof. We have dji = r~"dp and |Vg|2 = r?|Vp|2. Thus, we can write outer-
stability as
/ 2 Veldf Z/ | APp*dp > 0.
M M
To obtain information about a Schrédinger operator based on A we want to
replace ¢ by TQ_TnQO. Note that
2

. . 2 _n .
r”_Q\V(TQTgp)\Q = |Vp+ — nch log r

. n—2)2 , - n—2_ - .
= e+ 2 - T 2 ogr, 9

so after integrating by parts, outer-stability becomes
- —92)2 ~ 2.
/ |V|dji > / | A]? — ur’ﬂV?ﬂ]Q — n—Alogr o2 dji.
M M 4 2

By Exercise [7]
Alogr = n(1 —|Vr|?)

so using 7~ 2|Vr|? = |Vr[?, this becomes
: _9) n2—4
[ etan= [ (1ap - "2 P2t g

By combining Exercise [7] and the Gauss equation R = —|AJ* we get

A2 = —R+2n(n — 1) — (n — 1)(n + 2)|Vr|?
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so using the Gauss equations we get

/M Vl2dii > /M (—R L nBnz2)  Bno Qi(” 2 |w|2) P2 dji.

2
Using |Vr[? <1, we get

/M \V|*dji > /M (—R L Bno 2i(n — 2)) Pdji.

Rearranging this finishes the proof. 0

7.1. pu-bubbles. For simplicity, we now discuss how to analyze 3-manifolds
with pointwise scalar curvature positivity R > Ry (the spectral scalar curva-
ture condition introduces some notational and conceptual complications, but
the main ideas are the same). We'll also restrict to n = 3 (we’ll briefly discuss
n = 4 later).

Our key tool to analyze g is the p-bubble construction of Gromov, localizing

the following fact due to Schoen—Yau:

Theorem 7.2 ([SY79]). Suppose that X* C (X3, g) is a connected closed two-
sided stable minimal surface in an oriented 3-manifold with scalar curvature
Rx > Ry > 0. Then |X| < %.

Proof. The stability of 3 reads

[04P + Riex () < [ |76
N by
The Gauss equations give
Ry = 2Ky, + 2Ricx (v, v) + |A]> — H?
so because Y is minimal we can write this as
[ B 148 ~ 2K <2 [ (9P
b b

In particular we get

1
[ 196+ 50K - R 20
%
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This is a spectral version of 2Ky > Ry. To deduce the area estimate from this,

we can take ¢ = 1 to find
Ro|3] < 2/ Ky = 4mx(%).
b
Thus ¥ is a sphere, so 4my (%) = 87. This completes the proof. O

To localize this, we consider

(@) =09 = [ n
for Q C (X, g).

Theorem 7.3 ([Grolg]). If Q C (X3,g), Rx > Ry is a stable critical point of
the p-bubble functional, then

3
/ (Ro + §h2 - 2|Vhy) < A4y (%)
b
for any connected component % of 0f€).
Proof. The first variation is

Sl @) = /a RUEE

so H = h for a critical point. If 2 is stationary and stable, we can differentiate

this again to find
0< /BQ IVol? — (JA|? + Ricx (v, v) + (Vh, v)) o>
Since Ry > Ry and H = h, the Gauss equations
Rx = 2Kpq + 2 Ricx (v, v) + |A]* — H?
rearrange to readﬂ
Ry — 2Ksq + h* < 2(Ricx (v, v) + |A]%).
We can thus take ¢ =1 on a fixed component ¥ of 0f2 to find

/ Ro + h* —2(Vh,v) < drx(X).
s

9At this step we could have used AM-GM to get the sharp coefficient in front of h2.



20 OTIS CHODOSH

This concludes the proof. O

The key aspect of the argument is to choose h appropriately. Assume that
Ry = 2 for simplicity. For ) C (X, g) fixed compact set (with smooth bound-

ary, say) we will take
h(z) = —tan(3dx(Qo, ) + %)

(in reality we need to smooth out dx a bit here). Note that since |Vdx| =1

and tan’ = 1 + tan?, we have
2|Vh| =1+ h°
Thus, if a stable p-bubble exists, since
Ro + giﬂ — 2|Vh|

it will have || < 87 by Theorem However, we note that h — oo as
dx(z,Q) N 0 and h — —o0 as dx(x,Q)  2m. This means that 9
and H{dx(x,Qy) > 27} are strict barriers for the minimizing u(2) among
Qo C Q C Uy (Q). As such, one can prove that a stable py-bubble always

exists in this annular region.

Remark 7.4. It might hold that p(2) = —oo, but this is easily handled by
replacing [, h by the renormalized functional [(xqo— Xq.)h for some arbitrary
Qo € Q. C Usr(2). The first and second variation is unchanged.

For example, this yields:

Proposition 7.5. There’s constantﬂ C,A > 0 so that if (X3,g) has R > 2
for any Qo C X compact, there’s Qo C Q C Us(€y) compact with smooth
boundary so that any component 3 of 0N has |X| < A.

7.2. The area-controlled exhaustion property. Consider a complete, outer-
stable, two-sided minimal hypersurface M3 C R*. Recall that we'd like to
check that for p > 0 sufficiently large, there’s Q D B)(zo) with smooth
boundary so that any component 3 of 9 has |X| < Cp?. Since (M \ K, §) has

101f we were more careful, it’s possible to obtain explicit (even sharp in some cases) bounds
for these constants.
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spectral scalar curvature bounds, generalizing Proposition appropriately,
we find that for any p > 0 sufficiently large there’s

Bé‘/[(xo) cQ
with dg(0Q, B)(z0)) < C so that any connected component ¥ of J2 has
X; < A.

Exercise 8. By comparing g, g, and extrinsic distances, show that the extrin-

sic distance satisfies r < e“p on 9.
Using this, we find that
2]y = / r’dj < Cp®
b
Thus, M? has the area-controlled exhaustion property.

7.3. Bi-Ricci curvature. Positivity of scalar curvature does not suffice to

prove the area-controlled exhaustion property for (X", g), n > 4.

Exercise 9. Show that R?xS? has R = 2 but does not have the area-controlled

exhaustion property.

In [CLLMS24] it was observed that in R® one can improve spectral positivity
of scalar curvature for the Gulliver-Lawson metric (Proposition|7.1)) to spectral

positivity of bi-Ricci curvature. For ey, e; orthonormal, we define
BiRic(ey, es) := Ric(er, e1) + Ric(ez, €2) — R(eq, eq,€9,€1).

This notion of curvature was introduced by Shen—Ye [SY96] (cf. [BH.J24,
Xu23]). It lies in between scalar curvature and Ricci curvature and interacts

well with the stability inequality for stable minimal hypersurfaces.

Exercise 10.

(1) Show that in 3-dimensions, BiRic(e;,e2) = CR for some C' > 0.
(2) For n > 4 dimensions, show that if BiRic(e;, e2) > A then R > C(n)A,
so positivity of BiRic is stronger than positivity of scalar curvature in

dimensions n > 4.
(3) Show that R? x S§? has BiRic > 0 but not BiRic > 0.
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By appropriately generalizing the Gulliver—Lawson calculation it follows
that if M* C RS is outer-stable then (M \ K, g) has strictly positive bi-Ricci
curvature (in a spectral sense). See [CLMS24, Theorem 3.1]. Instead of ex-
plaining this calculation, we briefly indicate why it’s a useful generalization

through the following result.

Proposition 7.6 ([SY96]). Suppose that X"~ C (X", g) is a closed two-sided
stable minimal hypersurface and BiRicx > 1. Write Apicx for the smallest

eigenvalue of Ricy. Then,

(.1) 196 + e = 1
b

for o € C=(%).

Remark 7.7. Note that this says that Ricy > 1 in a spectral sense. For
example, Shen—Ye used this to prove [SY96] that each component of ¥ will
have uniformly bounded diameter when n < 5. Surprisingly this diameter
bound can fail when n > 6 by examples of Xu [Xu23]. This shows that there
are some subtleties to be concerned with when discussing spectral notions of

positivity of curvature.

Proof of Theorem[7.6. Letey,...,e,_1,v denote an orthonormal basis for 7,,M,
p € ¥ with Agicx = Ricy(eq, e;). The Gauss equations give

Ry(e1,€j,ej,e1) = Rx(e1,ej,ej,er) + A(er,e1)Aleje;) — Aley, ej)2.

Summing j =2,...,n — 1 gives
n—1
Aric,x = Ricx(ei,e1) — Rx(eq,v,v,e1) — ZA(eh e;)’
j=1

> BiRic(e;,v) — Ricx (v, v) — |AJ.
Rearranging this we find
R,iCX(I/, V) + ’A‘Z 2 1-— )\Ric,E-

Used in stability this becomes

/ Vel + e — 1)
>
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This completes the proof. O

The proof of the area-controlled exhaustion property for M* C R® proceeds
similarly to the M3 C R* case:

(1) Using the u-bubble construction, and spectral bi-Ricci positivity of the
GulliverLawson metric (M\K, ), find B) C Q with dz(9Q, B} (1)) <
C so that any component of 0€) has positive Ricci curvature in the
spectral sense as in ([7.1]).

(2) Show that (X2, gs) with positive Ricci curvature in the spectral sense
has an upper volume bound. (This is a spectral Bishop—Gromov in-
equality.)

Step (1) is similar to the lower dimensional case (but somewhat more compli-
cated). Surprisingly, the proof of step (2) in J[CLMS24, Theorem 5.1] does not
seem to extend to higher dimensions. As such, at the moment, it’s not clear
if either step (1) or (2) can be extended to M® C R®.

APPENDIX A. STRUCTURE OF FINITE TOTAL CURVATURE MINIMAL
HYPERSURFACES (THEOREM [3.1))

Estimates for minimal surfaces with small total curvature were first proven
in R? by Choi-Schoen [CS85] (cf. [Whi87h]). The following generalization to

all dimensions is due to Anderson [And84].

Proposition A.1. Fore > 0 there’s 6 = d(e,n) > 0 so that if M™ C R™* s
a minimal hypersurface with
/ A" < §
M

Proof. We follow a standard blow-up argument. Consider M) with

My

but d(x,0My)|Apm,|(x) > . We can assume that M are smooth compact
manifolds with boundary and that x; achieves sup,¢y,, das, (2, OMy)|Ans, |(2).

then dy(xz,0M)|A|(z) < e.

Translating and scaling we can assume that x; = 0 and |4y, |(0) = 1 (note that
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(A.1)) is scaling invariant). Thus, our assumption becomes dyy, (0, 0My) > «.
Furthermore, for z € M}, we have

dag, (0, 0My) d, (0, 0My)
A < M < ]
[An|(2) < dag, (2, 0My) = dag (0, 0My) — dar, (0, 2)

In particular, we find that |A;, | < 2 on Bé‘f’g (0). Aslong as e > 0 is sufficiently
small, this guarantees that Bé‘f’g (0) is graphical over the tangent plane Ty My,
(cf. [CM11), Lemma 2.4]). Schauder estimates for the minimal surface equation
implies that Bé\ﬁ(O) converges smoothly to a minimal graph M,. We have

that [Ap [(0) = 1 so M, isn’t flat. This contradicts (A.1)). O

Corollary A.2. If0 € M™ C R"" is a complete minimal hypersurface with

finite total curvature then
dy(z,0)|Al(z) = 0
as dy(z,0) — oo.
Proof. Consider balls of size p = dps(x,0)/2 in Proposition O

Note that this implies that M is totally geodesic at infinity in the sense that
(R™*1\ {0}) (in the sense of

immersions) is contained in a flat affine hyperplane.

any subsequential limit of AM as A — 0 in C[°

loc

Corollary A.3. If0 € M™ C R"! is a complete minimal hypersurface with
finite total curvature then there’s K C M compact with |Vr| > 1 on M \
K, where r(x) = |Z| is the extrinsic distance. In particular, M is properly

embedded and has finitely many ends.

Proof. There’s a ball B)/(0) C M so that dy(z,0)|Al(z) < § for z € M\
BJI(0). For p € M let  be a unit-speed minimizing geodesic from 0 to p. Let
T =+'. We compute

T(Z,T) = (DyZ,T) — (Z,0) A(T,T) = 1 — (Z,0) A(T,T) > 1 — r(7(t))|A|().

Since r(y(t)) > da(0,7(t)) we find T (Z,T) > 3 for t > po. Integrating this

proves that |Vr| > (Vr,T) > % outside of a compact set. In particular,

integrating (Vr,T) > % along v, we also get that r(p) > idM(O,p) outside of

a compact set, which implies properness.
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Since Vr is non-vanishing on M \ K, Morse theory implies that M \ K ~
'™~ x (0,00) a (possibly disconnected) smooth closed manifold (we can take
I'=MnNoB,, p>0). This completes the proof. O

Note that if IT € R™™! is an affine hyperplane that does not pass through the
origin, then Vr = 0 somewhere. In particular, this implies that any blow-down

limit has image a hyperplane through the origin.

Corollary A.4. If M™ C R is complete minimal hypersurface with finite

total curvature then M has extrinsic Euclidean volume growth |M N B,| =

O(p").

Proof. We can arrange that [Vr| > 3 on M \ B,,. The co-area formula yields

n— 1
MNB,| = / |
MNOB, ]V?"\

Thus, it remains to estimate H" (M N OB) for s > 0. Since M blows down
to hyperplanes through the origin, each component of s~*(M NdB,) is locally

smoothly close to an equatorial sphere S*' € 9B;. When n > 3, S" ! is
simply connected. Thus we find that

HY(M NIB,) = O(s"Y)

as s — 00, completing the proof. For n = 2, we can use embeddedness to
argue that each component of s~'(M N dBy) is close to a great circle (with
multiplicity one) yielding the same property. This completes the proof. U

To complete the proof of Theorem [3.1|the main ingredient still missing is the
fact that the blow-down limitﬂ of AM is a fixed hyperplaneH IT independent of
the sequence A — 0. There are several proofs possible. For example, [AA8]],
Whil8, [EK23] (in particular [AA8I] would extend to the immersed/higher-
codimension case). Instead of discussing these proofs, in Appendix (B we give
a proof of uniqueness of Il under the a prior: assumption that the end is
stable. Note that since the CLR inequality (Corollary already implies

HWe can now take this in the varifold sense, or better yet in the sense of smooth embedded
minimal surfaces with area and curvature bounds.

12WWhen M is immersed, the blow-down limit will be the union of hyperplanes, but these
hyperplanes will still be independent of the chosen sequence.
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that M™ C R™*! of finite total curvature has finite index for n + 1 > 4, this is
only missing the M? C R? case (which we do not discuss further).

Granted this fact, it follows that the ends are diffeomorphic to S*~! x (0, c0)
and the Gauss map limits to a normal vector to Il along each end. Finally, the
ends will be outer graphs over II of functions with the asserted expansions by
an argument of Schoen [Sch83|, Propositions 1 and 3| based on the linearization

of the minimal surface equation.

Exercise 11. Use Theorem [3.1]to prove Theorem [3.3] More precisely, consider
M? C R3 complete minimal surface of finite total curvature.

(1) Prove that each end of M is conformal to a punctured disk D \ {0}.
Conclude that M is conformally equivalent to M \ {p1,...,p,}.

(2) Since the Gauss map v : M — S? is conformal (and orientation re-
versing) c ov : M — C U {oo} is meromorphic for any orientation
reversing stereographic projection. Using this, prove that the Gauss

map extends across the punctures.

Note that one could prove Theorem directly from Huber’s theorem and
complex analysis without going through Theorem . See e.g. [Oss69, §9]
(see also [Whi87al).

Exercise 12. Generalize the results in this section to arbitrary dimension
and co-dimension. Namely, show that M* C RY minimal surface of finite
total curvature (i.c., |A| € L*) satisfies the conclusions of Theorem (and
Theorem [3.3| when k£ = 2). When k = 2 some care needs to be taken with the
estimate for H'(M N dBy).

APPENDIX B. PLANAR TANGENT CONES ARE UNIQUE (TYSK’S VERISON)

Suppose that M™ C R*"! complete two-sided minimal has the property that
for Ay — 0, after passing to a subsequence, A\y M converges subsequentially to
a hyperplane IT through the origin in C22(R"*!\ {0}) with finite multiplicity.
As remarked above, the tangent plane II is unique. We prove this here under
the a priori assumption that M is outer-stable (see the discussion above for

proofs that avoid this assumption). We need the following:
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Exercise 13. Suppose that Q(¢) = [, [Vy|> — V¢* has index(Q) = 0. Sup-
pose that Au+Vu = 0. Show that no connected component of {u # 0} can be
compact. (If you want to be completely correct, you need to concern yourself
with the fact that a connected component of {u # 0} need not be particularly
regular; see e.g. [BMS82].)

Proposition B.1 ([Tys89, Lemma 3]). If M is outer-stable then the tangent

plane at infinity is unique.

Proof. We can consider a fixed end, in which case the limit to the tangent
planes occurs with multiplicity one. Suppose that I1; # Il are distinct tangent
planes at infinity. Assume both planes have unit vectors v, v5 chosen to agree
with the blow-down limit. Choose a unit vector v so that v; - v > 0 and
vy - v < 0. Then, u = v - v will be a Jacobi field on M, namely it will solve
Au + |A*u = 0. On the other hand, by construction, we see that u > 0 on
NIEM 0 (By \ By) and w < 0 on A>M N (By \ By) for k > 0, where \}" is
the blow-down scale associated to II;. Thus, we see that {u # 0} contains

infinitely many compact components. This contradicts Exercise 0
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