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1. The Plateau problem

For Γn−1 ⊂ ∂B1 ⊂ Rn+1, consider Σn ⊂ B1 a hypersurface with ∂Σ = Γ, with
least area among all such surface. (This is known as the Plateau problem).

It might happen that Σ is singular. For example, consider the Simons cone

C := {(x, y) ∈ R4 × R4 : |x| = |y|}
Set Σ := C ∩ B1. Note that Σ is a smooth hypersurface except at the origin,
where it fails to be smooth. It turns out that Σ solves the Plateau problem for

∂Σ = S3( 1√
2
)× S3( 1√

2
) ⊂ S7(1) ⊂ R8.

Indeed, we have the following result:

Theorem 1.1 (Bombieri–De Giorgi–Giusti [BDGG69]). If Σ′ has ∂Σ′ = Γ, then
area(Σ′) > area(Σ) unless Σ′ = Σ.

Sketch of the proof. Write R8 \ C = U+ ∪ U−. Using ODE methods one can find
smooth O(4)×O(4)-invariant minimal hypersurfaces S± ⊂ U± so that {λS±}λ>0

foliates U±. If Σ does not have least area, then it is possible to solve the Plateau
problem to find Σ′ with ∂Σ′ = Γ, with least area. Up to switching the labeling,
we can assume that Σ′ ∩ U+ 6= ∅. Decrease λ > 0 until the first time that
λS+ ∩ Σ′ 6= ∅. Contact must occur in the interior, contradicting the maximum
principle. �

In general, we have the following partial regularity result (obtained by combin-
ing geometric measure theory results of De Giorgi and Federer with a classification
of stable minimal cones by Simons):

Theorem 1.2 ([DG61, FF60, Sim68, Fed70]). Consider Σ solving the Plateau
problem for boundary data Γn−1 ⊂ ∂B1 ⊂ Rn+1.

• If n ≤ 6, Σ is smooth.

• If n = 7, Σ has at most finitely many singular points.

• If n ≥ 8, the singular set of Σ has Hausdorff dimension ≤ n− 7.
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The fundamental open question in this area to determine the exact struc-
ture/regularity of the singular set of Σ when n ≥ 8. Important progress has been
made recently by Naber–Valtorta [NV20] and Simon [Sim21b, Sim21a]. See also
[Sim93, Sim95, CN13].

2. The monotonicity formula and tangent cones

A key geometric tool in the study of singularities of minimal surfaces is the
monotonicity formula. We briefly recall the relevant facts here. (See [Sim83b] for
a thorough treatment.) Consider a minimal1 hypersurface Σn ⊂ Rn+1 and define
the area ratios

Θ(Σ,x, r) :=
|Σ ∩Br(x)|

ωnrn

where ωnr
n is the volume of the n-dimensional ball of radius r.

• For 0 < r < d(x, ∂Σ), the function

r 7→ Θ(Σ,x, r)

is non-decreasing.

• If 0 < r1 < r2 < d(x, ∂Σ) and Θ(Σ,x, r1) = Θ(Σ,x, r2) then

Σ ∩ (Br2(x) \Br1(x))

is a piece of a cone centered at x.

Using these facts we find that Θ(Σ,x) := limr→0 Θ(Σ,x, r) exists and for any
sequence λj → 0, we can extract a subsequence (not relabeled) so that λj(Σ−x)
converges (weakly) to a minimal cone C. The cone C will have Θ(C) = Θ(Σ,x)
(we will write Θ(C) = Θ(C,0, r), since this quantity is independent of r). We
remark that if Σ was a solution to the Plateau problem, then so is C (in an
appropriate sense).

We call a cone C obtained in this way a tangent cone to Σ at x. We note that
it is theoretically possible that C might depend on the sequence λj chosen (and
in fact this is a crucial issue in obtaining improved understanding the regularity
of the singular set). However, if singC = {0} for some tangent cone, then a
celebrated result of Simon [Sim83a] implies that C is the unique tangent cone.

Finally, we recall three related facts. The first is upper-semincontinuity of the
density.

Lemma 2.1. For Σ minimal, if xj → x then lim supj→∞Θ(Σ,xj) ≤ Θ(Σ,x).

Proof. By the monotonicity formula

Θ(Σ,xj) ≤ Θ(Σ,xj, r).

1A minimal (hyper)surface is a first order critical point of the area functional among com-
pactly supported variations. In particular, area-minimizing (hyper)surfaces (e.g., those solving
the Plateau problem) are minimal.
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Ignoring some technicalities, |Σ ∩Br(xj)| → |Σ ∩Br(x)|, so

lim sup
j→∞

Θ(Σ,xj) ≤ Θ(Σ,x, r).

Now send r → 0, completing the proof. �

The second is Allard’s Theorem (this is the ε-regularity result in this context),
which we state somewhat informally. (One key consequence of Allard’s Theorem
that we’ll use later is “singular points limit to singular points.”)

Theorem 2.2 (Allard [All72]). If Σ is minimal and Θ(Σ,x) = 1, then x is a
regular point of Σ. Moreover, if Σj → Σ and Θ(Σ,x) = 1, the convergence of Σj

occurs in the sense of smooth graphs near x.

In particular, any non-flat cone C has Θ(C) > 1, since 0 ∈ singC (see also
[Whi05]). The final fact is a version of cone splitting. We’ll later use strategies
related to the proof of cone splitting, so we recall the proof here.

Theorem 2.3. Suppose that Cn ⊂ Rn+1 is a minimal cone and there is x 6= 0
with Θ(C,x) = Θ(C). Then, up to a rotation, C = R × Č for Čn−1 ⊂ Rn a
minimal cone.

Idea of the proof. We compute

Θ(C) = Θ(C,x) ≤ Θ(C,x, r) =
|C ∩Br(x)|

ωnrn
=
|C ∩B1(r−1x)|

ωn

where we rescaled by r−1 in the last step. This term limits to |C∩B1(0)|
ωn

= Θ(C)
as r →∞. Thus, we see that equality must have held in the inequality above so
r 7→ Θ(C,x, r) is constant. Hence, C is a cone around x in addition to 0. The
only way this can occur is if C splits a line in the x direction. �

3. Generic regularity after Hardt–Simon

We are now prepared to discuss generic regularity of solutions to Plateau’s
problem. A natural question is whether or not singularities in solutions to the
Plateau problem persist under small perturbations of the boundary. For example,
the surfaces S± described in Theorem 1.1 (the Simons cone is area-minimizing)
have the property that λS± ∩B1 is the solution to the Plateau problem for their
boundary ∂(λS±∩B1). Moreover, as λ→ 0, the boundaries ∂(λS±∩B1) converge
to ∂Σ. On the other hand, a small rotation of Σ still solves the Plateau problem
for its boundary (so the singularity persists in this case).

Thus, it is essential to consider the appropriate sort of perturbations of the
boundary. Motivated by the previous discussion, we consider Ω ⊂ Rn+1 so that
(∂Ω) ∩ B1 = Σ solves the Plateau problem for its boundary ∂Σ ⊂ ∂B1. We will
consider one-sided perturbations of Ω. Namely, suppose that Ωj ( Ω is chosen
so that (∂Ωj) ∩ B1 = Σj solves the Plateau problem for its boundary in ∂B1.
One might hope that Ωj has better regularity properties than Ω, for j large.
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When all singularities of Ω have regular tangent cones, this has been resolved by
Hardt–Simon [HS85].

To state their result, let us assume that sing Σ = {0} and that λΣ → C as2

λ → ∞, where C is a regular (i.e., singC = {0}, for example you can think of
the Simons cone) area-minimizing cone. Assume that λΩ→ ΩC where ∂ΩC = C.

Theorem 3.1 (Hardt–Simon, [HS85]). For j sufficiently large, (∂Ωj) ∩ B1/2 is
completely regular.

Indeed, suppose (for contradiction) that there is xj ∈ (sing ∂Ωj) ∩ B1/2. Pass
to a subsequence so that xj → x. By Allard’s theorem, Θ(Σ,x) > 1 and the only
point with such a property is 0 by assumption. Thus, xj → 0. We now define
λj := |xj|−1 →∞ and set

Ω̃j := λjΩj, x̃j := λjxj.

Note that λjΩ→ ΩC by our above discussion and we can pass to a subsequence

so that Ω̃j → Ω̃, x̃j → x̃. Note that Ω̃ ⊂ ΩC by construction (but a priori it could

happen that Ω̃ = ΩC). By Allard’s Theorem, x̃ is a singular point for Σ̃ = ∂Ω̃
(since its the limit of x̃j, singular points for ∂Ω̃j). Note that |x̃| = 1, so it cannot

hold that Ω̃ = ΩC (since C has no singular points other than 0, by assumption).
Thus, the strong maximum principle guarantees that ∂Ω̃ is disjoint from C, so

it lies entirely in the interior of ΩC . When C is the Simons cone, we saw in the
proof of Theorem 1.1 (the Simons cone is area minimizing) that there exist such
area minimizing surfaces in the complement of C (denoted S±). Moreover, those
surfaces were completely regular (and star-shaped). The key idea of Hardt–Simon
is that for any regular area-minimizing cone surfaces of this form exist, and they
are unique up to scaling. More precisely

Theorem 3.2 (Hardt–Simon, [HS85]). For C,ΩC as above, there is a smooth
star-shaped area-minimizing hypersurface S contained in the interior of ΩC. More-
over, any area-minimizing hypersurface in the interior of ΩC is equal to λS for
some λ > 0. Finally, λS → C as λ→ 0.

We now describe how this completes the proof of Theorem 3.1. We have ∂Ω̃
area-minimizing in the interior of ΩC . On the one hand, we have seen (using
“singular points limit to singular points”) that x ∈ sing ∂Ω̃. On the other hand,
∂Ω̃ = λS for some λ > 0, where S is the smooth hypersurface from Theorem 3.2.
This is a contradiction.

It is straightforward to globalize the argument described above to show that
up to a small perturbation of Γ6 ⊂ R8, the solution to the Plateau problem
Σ7 ⊂ R8 with boundary data ∂Σ = Γ will be smooth (see [HS85, Theorem 5.6]).

2As explained above, normally one would need to pass to a subsequence here, but if Σ has
a regular tangent cone then it is unique [Sim83a].
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Furthermore, using a variant of these arguments, one can also prove regularity of
homology minimizers for a generic metric on an 8-manifold:

Theorem 3.3 (Smale [Sma93]). There is a open dense set G of Ck Riemannian
metrics on a closed Riemannian manifold M8 so that if g ∈ G and α ∈ H7(M,Z),
then there is Σ ∈ α smooth hypersurface having least g-area in its homology class.

4. Generalizations

4.1. Higher dimensions. The most obvious question is whether or not Hardt–
Simon and Smale’s work can be generalized to higher dimensions (where the
singular set is more complicated). More precisely, we have the following well-
known conjectures:

Conjecture 4.1. The existence and uniqueness of a regular area-minimizing
hypersurface on one-side of a minimizing cone, Theorem 3.2, holds even when
the cone has singular points besides the origin.

For example, if C is the Simons cone, recall the smooth hypersurfaces S± on
either side of C. This conjecture would predict that up to dilation, R × S±
are the unique area-minimizing hypersurfaces on either side of R × C. (Some
results in this direction have been obtained in [Sim21a].) Even if Conjecture 4.1
is resolved, it is not clear if it would yield the generic regularity result in full.
Generalizing Theorems 3.1 and 3.3 to higher dimensions would be important for
applications. For example, the following (optimistic) conjecture would be useful
in understanding high-dimensional applications of minimal surfaces to topology
and geometry.

Conjecture 4.2. For Mn+1 a closed manifold, for a generic Riemannian metric
g, any g-area homology minimizer is smooth.

4.2. Min-max. Another direction one can try to generalize Hardt–Simon’s generic
regularity result is to weaken the minimizing hypothesis. For example, when
Hn(Mn+1,Z) = 0 (e.g., M = Sn+1), one cannot minimize area in a homology
class to find an area-minimizing hypersurface. Instead, minimal surfaces are ob-
tained in such manifolds via mountain-pass/min-max methods. Miraculously, the
regularity of such hypersurfaces is known to be as good as the minimizing case:

Theorem 4.3 (Almgren–Pitts, Schoen–Simon [Pit81, SS81]). For (Mn+1, g) a
closed Riemannian manifold, there is Σn ⊂Mn+1 minimal hypersurface.

• If n ≤ 6, Σ is smooth.

• If n = 7, Σ has at most finitely many singular points.

• If n ≥ 8, the singular set of Σ has Hausdorff dimension ≤ n− 7.

We will not survey most of the recent work related to this result (of which
there is a huge amount), instead we briefly note the following related work in the
singular dimensions n ≥ 7.
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• Li showed [Li19] that for a generic metric g, there are infinitely many3

distinct minimal hypersurfaces (with regularity as in Theorem 4.3).

• The minimal surfaces in Theorem 4.3 have been shown to satisfy the
Morse index bounds one would expect from mountain pass theory. Var-
ious authors have contributed to this statement in the singular4 dimen-
sions. In positive Ricci, index and multiplicity bounds were established
by Zhou [Zho17] and Ramı́rez-Luna [RL19] (in the Allen–Cahn setting5

two-sidedness and multiplicity bounds were recently obtained by Bellet-
tini [Bel20]). Hiesmayr [Hie18] and Gaspar [Gas20] obtained index upper
bounds in the Allen–Cahn setting (in all dimensions), while Li recently
obtained similar upper bounds on the Almgren–Pitts side [Li20].

• Song has obtained a quantitative6 estimate relating the size of the singu-
lar set and the Morse index of a minimal hypersurface [Son19]. Edelen
has recently extended bounded index compactness results7 for minimal
hypersurfaces to the first singular dimension n = 7 [Ede21].

A natural question we have not discussed is whether or not Smale’s generic
regularity result (Theorem 3.3) in n = 7 can be extended to the min-max set-
ting. The basic obstacle is that the Hardt–Simon theory (Theorem 3.2) breaks
down without area-minimality. In the minimal surfaces obtained via Almgren–
Pitts theory, all tangent cones are stable (minimizing to second order) but not
necessarily area-minimizing.

For example, the cone

C1,5 := {(x, y) ∈ R2 × R6 : 5|x|2 = |y|2}
is stable but only area-minimizing on one side. So, Hardt–Simon theory cannot be
applied on the other side of the cone. To the best of our knowledge, it is an open
question if there exist stable minimal cones in R8 that are not area minimizing
on either side. (These cones would be dangerous when proving generic regularity
of min-max minimal hypersurfaces.)

Recently, Liokumovich, Spolaor, and the author proved that non-minimizing
cones contributed to the index count.

3In the non-singular dimensions this was proven by Irie–Marques–Neves [IMN18] (cf.
[LMN18]). Mantoulidis and the author gave an alternative proof of the generic existence of
infinitely many minimal surfaces in a 3-manifold, thanks to their resolution of the multiplicity-
one conjecture [CM20a]; later Zhou generalized the proof of the multiplicity-one conjecture to
all non-singular dimensions [Zho20]. Finally, the existence of infinitely many minimal surfaces
in even non-generic metrics was resolved by Song [Son18].

4In the non-singular dimensions, upper bounds in various settings were proven by Marques–
Neves [MN12, MN16] and Zhou [Zho15]. Lower bounds were established in the various settings
by Marques–Neves [MN21] and Mantoulidis and the author [CM20a].

5cf. [Gua18, GG19, Dey20]
6For n ≤ 6 see also [Ros06, CM16a, CM20b, ACS18].
7For n ≤ 6 see [CKM17, Li17, Car17, BS18].
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Theorem 4.4 ([CLS20]). For (M8, g) closed Riemannian manifold, there is a
minimal hypersurface Σ with only isolated singularities attaining8 the min-max
width of (M, g). Moreover, if we denote the points in Σ with tangent cones that
do not minimize area on either side by Snm, then it holds that

H0(Snm) + index(Σ) ≤ 1

The surface Σ may have many many singular points, but one can apply an ad-
hoc version of Hardt–Simon locally near any minimizing singularity to smooth
it out, up to a small change in the metric (actually, the way things work here
is somewhat more complicated than we have indicated, see Theorem 4 and §4
[CLS20] for the full statement). In particular, we note that when (M8, g) has
positive Ricci curvature, it always holds that index(Σ) ≥ 1 (even when Σ has
singularities), so H0(Snm) = 0. Putting these things together, in positive Ricci
curvature, all singularities are minimizing on at least one side and can thus be
smoothed out. Thus, we obtain

Corollary 4.5. If (M8, g) has positive Ricci curvature, after perturbing the met-
ric slightly, there exists a smooth minimal hypersurface.

In general metrics, the same reasoning showed that it is possible to find a min-
imal hypersurface with at most a single singular point (after perturbing the met-
ric), but the question of a completely regular minimal hypersurface in a generic
8-dimensional Riemannian manifold remained open. This has recently resolved
in a remarkable work by Li–Wang, who proved

Theorem 4.6 ([LW20]). A generic metric on a closed 8-dimensional manifold
admits a smooth minimal hypersurface.

Sketch of the proof. The proof combines techniques from [CLS20] with several
new ideas (some contained in the earlier work of Wang [Wan20]). Loosely speak-
ing, using an initial modification of the metric, the authors reduce to the case
where the sweepout from [CLS20] has a unique multiplicity-one critical minimal
hypersurface Σ. The authors then consider a further perturbation of the metric gt
with gt → g as t→ 0. These considerations yield min-max minimal hypersurfaces
Σt converging back to Σ as t→ 0.

If Σ were smooth, this situation is well-understood and can be analyzed by
using linear theory (Allard’s theorem implies, in particular, that Σt is a normal
exponential graph over Σ for t small). However, since Σ is singular, Σt does not
need to be an entire graph. This causes serious issues for the linear analysis.

However, in the situation where all singularities have regular tangent cones (as
is the case in 8-dimensions), Wang was able to prove in [Wan20] that in certain
cases, one can extract a Jacobi field and use this to analyze the singular behavior
of Σt near Σ. Somewhat more precisely:

8It is also possible that 2[Σ] attains the width.
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Theorem 4.7 ([Wan20, Theorem 4.2], [LW20, Lemma 2.11]). If index(Σt) =
index(Σ) for t > 0 sufficiently small, Σ is non-degenerate in a certain sense, and
the metric perturbations are chosen correctly, there is some p ∈ sing Σ and tj → 0
so that Σtj is regular near p.

This provides the mechanism by which non-minimizing singularities can be
perturbed away. Note that the index(Σt) = index(Σ) assumption is natural in
this setting, since if it fails, then by the index bound from [CLS20], one can show
that Σt has only minimizing tangent cones (so the local Hardt–Simon smoothing
can be applied).

At this point, there is still a crucial issue to overcome. For example, Σ might
have two singular points p1, p2. The previous theorem ensures that some Σt is
regular near p1. However, there is no guarantee that Σt has only one singularity
near p2 (Σt could have multiple singular points converging to each other as t→ 0).
Li–Wang overcome this issue by introducing a notion of “singular capacity” which
measures the number of singularities that could “possibly” occur near a point.
They then argue that the singular capacity is reduced with each perturbation, so
after finitely many perturbations one obtains a completely regular surface. �

We briefly note some remaining open questions along these lines. (Some of
these are well-known; see also [Wan20] for some related questions.)

• Can one prove [CLS20] using Allen–Cahn methods? (One should com-
pare the work of Calabi–Cao [CC92] to the work of Mantoulidis [Man21]
concerning Allen–Cahn min-max on surfaces.)

• Do there exist stable minimal cones in R8 that do not minimize area
on either side? (In R2, such cones do exist, namely two perpendicular
lines; one can thus compare [CLS20] to the work of Calabi–Cao [CC92]
concerning min-max on surfaces).

• If such cones exist, can they arise as min-max tangent cones in 8-dimensions?
(One should compare to the starfish example, a metric on S2 where the
two lines tangent cone does arise in min-max.)

• Can one find infinitely many smooth minimal surfaces in a generic 8-
dimensional Riemannian manifold?

• Are the (nearly) smooth surfaces found in [CLS20, LW20] always min-max
(assuming, say H7(M,Z2) = 0)?

5. Revisiting generic regularity for minimizers

Recently, in [CCMS21], Choi, Mantoulidis, Schulze, and the author discovered
a new take on the Hardt–Simon theory in 8-dimensions. (We will discuss our
related work on mean curvature flow of generic initial data [CCMS20, CCMS21]
below.) The main observation in [CCMS21] is that one can (sometimes) prove
generic regularity through a soft argument, avoiding any existence/uniqueness
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result for the surfaces S± on either side of a minimizing cone. The price paid for
avoiding this result is that one has to perturb finitely many times, instead of just
once (this is somewhat reminiscent of how Li–Wang use their notion of singular
capacity [LW20]).

The replacement for Hardt–Simon’s foliation result (cf. Theorem 3.2) is the
following density drop result:

Proposition 5.1. There is δ > 0 with the following property. Suppose that C7 ⊂
R8 is a non-flat area-minimizing cone. Assume that Σ is an area-minimizing
hypersurface not crossing9 C. Then for any x 6= 0, it holds that

Θ(Σ,x) ≤ Θ(C)− δ.
Of course, by the work of Hardt–Simon and the strong maximum principle,

it holds that either Σ = C, so Θ(Σ,x) = 1 at any point x ∈ Σ \ {0}, or Σ is
completely regular, in which case the same thing holds. Moreover, using Allard’s
theorem and a compactness argument, one can show that there is a definite δ so
that any non-flat area-minimizing cone has Θ(C) ≥ δ. As such, this result is not
new. However, this approach will turn out to be very robust in the low-entropy
mean curvature flow setting, as discussed later.

Proof of Proposition 5.1. Using a compactness argument, we can reduce to prov-
ing the result just for δ = 0. (Basically, if the result fails for δj → 0, rescaling the
offending xj to have unit distance from the origin produces an example violating
the δ = 0 statement, thanks to upper-semicontinuity of density.)

In other words, there is Σ not crossing C and a point x0 6= 0 with Θ(Σ,x0) ≥
Θ(C). Consider any tangent cone C ′ to Σ at infinity. The cone C ′ will not cross
C. This implies that C ′ = C. Indeed, the links S7 ∩ C ′ and S7 ∩ C will be
(smooth) minimal hypersurfaces in S7 and it is well-known that distinct minimal
hypersurfaces in positive Ricci curvature must cross each other (this is the so-
called Frankel property [Fra66]).

Considering the monotonicity formula for Σ centered at x0, we find:

Θ(Σ,x0) ≤ Θ(Σ,x0, r)↗ Θ(Σ,x0,∞) = Θ(C ′) = Θ(C).

However, we have arranged that Θ(Σ,x0) ≥ Θ(C). This implies that Σ is a cone
centered at x0 6= 0, by the discussion of equality in the monotonicity formula.
Moreover, since some tangent cone of Σ at infinity is C, we find that Σ = C.

We have thus reduced to the claim to the following geometric lemma.

Lemma 5.2. If Cn is a non-flat regular hypercone in Rn+1, then C + x0 crosses
C for any x0 6= 0.

Proof. If C + x0 does not cross C, we see that C + λx0 does not cross C for all
λ ≥ 0 (since C is dilation invariant around the origin). Sending λ → 0 we find

9More precisely, there is no small neighborhood of a regular point of C with points in Σ on
either side. This property is stable under weak convergence.
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that the function x0·νC does not change sign on C. Note that x0·νC cannot vanish
identically (otherwise C would split a line in the x0 direction, violating regularity
of C) so the strong-maximum principle (since x0 · νC is a Jacobi field) implies
that x0 · νC > 0 (possibly flipping the sign of νC if necessary). In particular, this
implies that C is a graph over the x⊥0 plane.

By removable singularity results for the minimal surface equation, C must be
regular, even across the origin (cf. [Sim82]). This is a contradiction. �

�

Using this density drop we can now give a new proof of Hardt–Simon’s generic
regularity result (cf. Theorem 3.1). (The same argument would apply in the case
of homological minimizers, cf. Theorem 3.3.)

Consider Ω ⊂ R8 so that (∂Ω) ∩ B1 = Σ solves the Plateau problem. Assume
that sing Σ = {0}. Consider Γs foliating a neighborhood of ∂Σ ⊂ ∂B1. Let
p(s) denote the set of solutions to the Plateau problem with boundary Γs (p(s)
might have more than one element). Crucially, distinct elements of ∪sp(s) will
not cross, by the usual cut-and-paste argument for area-minimizers.

We now define

D(s) := sup
Σ′∈p(s)

sup
x∈Σ′∩B1/2

Θ(Σ′,x).

In other words, D(s) is the maximum density of a singular point of a solution to
the Plateau problem with boundary Γs. Note that if we find s ∼ 0 with D(s) = 1
then we are done, since any solution to the Plateau problem with boundary Γs
will be completely regular. The way we do this is by the following density drop
result (taking δ > 0 as in Proposition 5.1):

Lemma 5.3. lim sups→s0 D(s) ≤ D(s0)− δ

Iterating this finitely many times, we find s ∼ 0 with D(s) = 1, so this will
prove generic regularity of minimizers in eight-dimensions.

Proof. Assume there is sj → s0 with

lim
j→∞
D(sj) > D(s0)− δ

Choose Σj ∈ p(sj) and xj ∈ Σj ∩B1/2 with

lim
j→∞

Θ(Σj,xj) > D(s0)− δ

Taking s sufficiently small, since sing Σ = {0} we can assume that xj → x0 ∈
B1/2. Assume further that Σj → Σ0 ∈ p(s0). Rescale Σj,Σ0 around x0 by
|xj −x0|, we can pass to a subsequence to find that the rescalings of Σ0 converge
to some tangent cone C of Σ0 (and thus Θ(C) ≤ D(s0)). On the other hand,
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the rescalings of Σj converge to some Σ, not crossing C, so that (by upper-
semicontinuity of density) there is some 0 6= x ∈ Σ with

lim
j→∞

Θ(Σj,xj) ≤ Θ(Σ,x)

Proposition 5.1 implies that Θ(Σ,x) ≤ Θ(C) − δ. Putting the inequalities to-
gether, we find a contradiction:

D(s0)− δ < lim
j→∞

Θ(Σj,xj) ≤ Θ(Σ,x) ≤ Θ(C)− δ ≤ D(s0)− δ.

This completes the proof. �

Remark 5.4. The same strategy could be tried in higher dimensions (since this
approach avoids the issue of analysis on the link of the cone, which becomes
more complicated when the link is singular). However, the main issue is that
Proposition 5.1 (the density drop on one side of area-minimizing cones) can fail.
If C = R × Č is a cylindrical area-minimizing cone, then taking Σ = C and
x ∈ R × {0}, we have that Θ(C,x) = Θ(C). Even if one restricts to minimal
surfaces disjoint from C, there must be density drop, but it may not be uniform
in Σ, C.

6. Mean curvature flow of generic initial data

We now turn to a related topic, mean curvature flow. A family of hypersurfaces
Mn

t ⊂ Rn+1 flows by mean curvature flow if (∂tx)⊥ = H. This can be seen as
the gradient flow of the area-functional, so one can expect that there are many
similarities between mean curvature flow and minimal surfaces.

One interesting difference is that mean curvature flow is always singular (for
compact initial data). This follows from the avoidance principle: a sphere will
shrink and go extinct in a singular point under the flow, so surrounding any M0

by a large sphere, the mean curvature flow Mt must disappear before the sphere
does.

In particular, even for an closed embedded surface in R3, the analysis of sin-
gularities in the resulting mean curvature flow could be very complicated. The
good news is that many tools from minimal surfaces have analogues here. The
most important of these is Huisken’s monotonicity formula, the analogue of the
monotonicity of area-ratios for minimal surfaces.

Proposition 6.1 ([Hui90]). For a fixed space-time point (x0, t0), the map

t 7→ Θ(Mt, (x0, t0)) := (4π(t0 − t))−n/2
ˆ
Mt

exp

(
−|x− x0|2

4(t0 − t)

)
is non-increasing.
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Most of the properties of that held for the monotonicity formula for minimal
surfaces continue to hold in this setting, if interpreted appropriately. An im-
portant situation is the case of equality in Huisken’s monotonicity formula. If
t 7→ Θt(Mt, (x0, t0)) is constant then Mt flows in a self-similar way, i.e.,

Mt =
√
t0 − tΣ + x0

for Σ a self-shrinker, i.e., a hypersurface satisfying H+ x⊥

2
= 0. Because it will be

important below, we emphasize that the correct analogy between mean curvature
flow and minimal surfaces is that the space-time track of a self-shrinker, centered
at a space-time point (x0, t0)⋃

t<t0

(
√
t0 − tΣ + x0)× {t}

is analogous to a minimal cone C + x0 centered at a spatial point x0. We note
that for a parabolic equation, time scales like the square of distance, so this is
why

√
−t makes an appearance.

It turns out that the set of self-shrinkers (even for surfaces in R3) is very large
[Cho94, Ilm95, KKM18, Ngu14, SWZ21]. Moreover, the appearance of certain
shrinkers can be highly undesirable for the flow (e.g., it can cause a breakdown
of well-posedness). As such, we turn to a well-known conjecture by Huisken:
generically, a mean curvature flow of an embedded surface in R3 has only spherical
and cylindrical singularities. (Of course one can also ask a similar question for
hypersurfaces in higher dimensions.)

The situation here is necessarily more complicated than the minimal surface
case where in the first singular dimension (and conjecturally in all dimensions)
generic minimizers are completely regular. In particular, the first issue is to
identify a reason why the cylindrical and spherical shrinkers should be generic.

6.1. Entropy. This problem was resolved by Colding–Minicozzi [CM12] who
introduced the notion of entropy and classified spheres and cylinders as the unique
singularities in the linear sense. For Mn ⊂ Rn+1, define the entropy of M

λ(M) := sup
s>0,x0∈Rn+1

(4πs)−n/2
ˆ
M

exp

(
−|x− x0|2

4s

)
In other words, the entropy is the maximal Gaussian area over all scales. Huisken’s
monotonicity formula shows that t 7→ λ(Mt) is non-increasing along a mean cur-
vature flow Mt.

Colding–Minicozzi identified critical points of entropy as self-shrinkers and in-
troduced the notion of “entropy stable” self-shrinkers (i.e., self-shrinkers for which
a small perturbation cannot decrease the entropy). They proved that spheres and
cylinders are the unique entropy stable self-shrinkers.

This result suggests a dynamical approach (introduced by Colding–Ilmanen–
Minicozzi–White [CIMW13]) to the classification of low-entropy shrinkers: the
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lowest entropy shrinker “should” be stable, since otherwise one could perturb it to
a lower entropy hypersurface and flow to another singularity. This is complicated
by the fact that non-compact hypersurfaces can evolve smoothly for all time under
mean curvature flow (unlike compact hypersurfaces), cf. [EH89]. Nevertheless
many important results have been obtained in this direction:

• Bernstein–Wang (as well as other authors) have verified that if Mn ⊂ Rn+1

is a closed embedded hypersurface, then λ(M) ≥ λ(Sn) with equality only
for M = Sn [CIMW13, BW16, KZ18, Zhu20, HW19].

• Bernstein–Wang have classified the second-lowest entropy self-shrinker in
R3 as the cylinder S1(

√
2)×R (using an important result of Brendle clas-

sifying genus zero self-shrinkers [Bre16]) [BW17b].

• Bernstein–Wang have proven a low-entropy Schoenflies result: if M3 ⊂ R4

has λ(M) ≤ λ(S2 × R) then M is smoothly isotopic to a round sphere
[BW17a, BW18b, BW18a, BW19b, BW19a, BW20].

6.2. Mean curvature flow of generic initial data. In spite of the successes
mentioned above, it was still unclear how to actually perturb away “non-generic”
singularities in mean curvature flow. Recently, with Choi, Mantoulidis, and
Schulze, the author has proven that certain singularities are dynamically un-
stable and thus do not occur in the mean curvature flow of a “generic” initial
surface.

A simple (but perhaps non-obvious) observation is the strong similarity with
between the mean curvature flow and area-minimizing settings. The basic ob-
servation point is that in the work of Hardt–Simon, one perturbs the boundary
data and then minimizes. Here, we will perturb the initial conditions and then
flow. Our first result here is the analogue of the existence and uniqueness of the
foliation in the mean curvature flow setting:

Theorem 6.2 ([CCMS20]). For10 Σn ⊂ Rn+1 a smooth self-shrinker that is either
compact or has ends smoothly asymptotically conical write Rn+1 \ Σ = U− ∪ U+.
There exist an ancient mean curvature flow Mt contained in U+ with λ(Mt) <
2λ(Σ) so that:

• Mt has only multiplicity one cylindrical and spherical singularities,

• Mt converges to Σ as t→ −∞ in a rescaled sense, and

• M0 is star-shaped.

Furthermore, up to parabolic dilation, Mt is the unique ancient mean curvature
flow contained in U+ with λ(Mt) < 2λ(Σ). A similar statement holds for U−.

10For technical reasons, this result is restricted to n ≤ 6 but it should extend to higher
dimensions with appropriate modifications of the proof.
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It seems likely that this result can be extended to a more general class of
shrinkers Σ. This result can then be used in exactly the same manner as Hardt–
Simon to perturb away undesirable singularities. If an initial hypersurface M0

has a asymptotically conical singularity at some later time, we can embed M0

in a foliation of hypersurfaces {M s
0}s and flow all of them simultaneously. Send-

ing s → 0 and rescaling, the nearby flows will look like the ancient solutions
constructed above in a neighborhood of the non-generic singularity of M0

t .
A fundamental issue present here is that even in R3 it is unknown what reg-

ularity one can hope for tangent flows at points past the first singular time. As
such, without any additional assumptions (like low-entropy, as discussed below)
it is necessary to restrict considerations to the first singular time. This could
potentially be an issue, since it localizes the argument in time, and could theo-
retically force us to perturb infinitely many times (this could allow non-singular
regions to become singular, destroying any good structure).

However, in R3, by combining the uniqueness of genus zero shrinkers due to
Brendle [Bre16] with the star-shapedness of M0, we see that the perturbed flows
strictly loose genus as they pass a non-generic self-shrinker. This yields the
following result

Theorem 6.3 ([CCMS20]). For M0 ⊂ R3 a closed embedded surface, after a
small perturbation, the mean curvature flow of M0 encounters only spherical and
cylindrical singularities until some time T .

At time T , either the flow goes extinct, or it has a tangent flow with higher
multiplicity or a tangent flow corresponding to a non-cylindrical shrinker with
cylindrical ends.

The key point is that the flow does not have an asymptotically conical or
compact but non-spherical tangent flow at time T . The occurrence of multiplicity
in mean curvature flow is a major open problem, even for surfaces in R3, so one
would hope that it does not occur, and if it did, it would not occur generically.
Moreover, it is conjectured that the only shrinker with a cylindrical end is the
cylinder. We expect that even if this conjecture cannot be proven, it will be
possible to perturb such a shrinker away, implying that higher multiplicity is the
only obstruction to generic flows existing in R3 (but of course it is a very serious
problem).

We remark that the study of flows with only (multiplicity-one) spherical and
cylindrical singularities is an important topic in itself. The two major results in
this direction are as follows:

• Colding–Minicozzi have shown that such flows have the regularity of a
mean-convex flow11 [CIM15, CM15, CM16b]. For example for surfaces in
R3, they are smooth for almost every time.

11cf. [Whi00, Whi03, Whi97, HK17a]
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• Choi–Haslhofer–Hershkovits have shown that the weak flows are well-
posed in an appropriate sense12 [HW20, CHH18, CHHW19].

Finally, we remark that we have recently proven the existence of generic flows
in the low-entropy setting by using arguments along the lines of the alternative
approach to Hardt–Simon’s generic regularity results discussed above. Loosely
speaking, our results are as follows:

Theorem 6.4 ([CCMS21]).

• For a closed embedded surface M2 ⊂ R3 with λ(M) ≤ 2, after an ar-
bitrarily small perturbation, the resulting mean curvature flow has only
multiplicity-one spherical and cylindrical singularities.

• For a closed embedded hypersurface M3 ⊂ R4 with λ(M) ≤ λ(S2×R)+ε0,
after an arbitrarily small perturbation, the resulting mean curvature flow
has only multiplicity-one spherical and cylindrical singularities.

In particular, we emphasize that the result in R4 has a relatively high entropy
requirement, namely the bubble-tree singularity S2 × R, instead of the cylinder
S2 × R. As a consequence of the existence of generic flows, we can give a new
proof of Bernstein–Wang’s low entropy Schoenflies theorem:

Corollary 6.5. If M3 ⊂ R4 has λ(M) ≤ λ(S2×R) then M3 is smoothly isotopic
to a round sphere.

Proof. Perturb M slightly and apply Theorem 6.4. By the entropy13 condition,
the resulting flow will disappear in a round point. This flow provides the isotopy.

�

In fact, Daniels-Holgate has recently shown that by using Theorem 6.4 one can
construct a mean curvature flow with 2-convex surgery14, yielding the following
strengthened version of Corollary 6.5:

Theorem 6.6 ([DH21]). If M3 ⊂ R4 has λ(M) ≤ λ(S1 × R2) and M is homeo-
morphic to S3 then M is isotopic to a round sphere.

There seem to be serious difficulties present past the λ(S1 × R) bound. In
particular, there is not yet a theory of mean curvature flow with surgery for
mean convex hypersurfaces in R4.

12see also [ADS19, ADS20, BC19, BC18]
13We emphasize that there could theoretically be many self-shrinkers with entropy below

λ(S2 × R), so it is necessary to either handle them by some surgery method or to use an
argument like we have here to bypass them. Note that by [CIMW13, BW18c, BW17b] all such
shrinkers will be asymptotically conical and isotopic to the flat R3 or compact and isotopic to
a round S3.

14cf. [HS09, BH16, HK17b, BHH16, BHH19]



16 OTIS CHODOSH

References

[ACS18] Lucas Ambrozio, Alessandro Carlotto, and Ben Sharp, Comparing the Morse index
and the first Betti number of minimal hypersurfaces, J. Differential Geom. 108
(2018), no. 3, 379–410. MR 3770846

[ADS19] Sigurd Angenent, Panagiota Daskalopoulos, and Natasa Sesum, Unique asymp-
totics of ancient convex mean curvature flow solutions, J. Differential Geom. 111
(2019), no. 3, 381–455. MR 3934596

[ADS20] , Uniqueness of two-convex closed ancient solutions to the mean curvature
flow, Ann. of Math. (2) 192 (2020), no. 2, 353–436. MR 4151080

[All72] William K. Allard, On the first variation of a varifold, Ann. of Math. (2) 95 (1972),
417–491. MR 307015

[BC18] Simon Brendle and Kyeongsu Choi, Uniqueness of convex ancient solutions to mean
curvature flow in higher dimensions, to appear in Geom. Topol., https://arxiv.
org/abs/1804.00018 (2018).

[BC19] , Uniqueness of convex ancient solutions to mean curvature flow in R3,
Invent. Math. 217 (2019), no. 1, 35–76. MR 3958790

[BDGG69] E. Bombieri, E. De Giorgi, and E. Giusti, Minimal cones and the Bernstein problem,
Invent. Math. 7 (1969), 243–268. MR 250205

[Bel20] Costante Bellettini, Multiplicity-1 minmax minimal hypersurfaces in manifolds with
positive ricci curvature, https://arxiv.org/abs/2004.10112 (2020).

[BH16] Simon Brendle and Gerhard Huisken, Mean curvature flow with surgery of mean
convex surfaces in R3, Invent. Math. 203 (2016), no. 2, 615–654. MR 3455158

[BHH16] Reto Buzano, Robert Haslhofer, and Or Hershkovits, The moduli space of two-
convex embedded spheres, to appear in J. Differential Geom. (2016).

[BHH19] , The moduli space of two-convex embedded tori, Int. Math. Res. Not. IMRN
(2019), no. 2, 392–406. MR 3903562

[Bre16] Simon Brendle, Embedded self-similar shrinkers of genus 0, Ann. of Math. (2) 183
(2016), no. 2, 715–728. MR 3450486

[BS18] Reto Buzano and Ben Sharp, Qualitative and quantitative estimates for minimal
hypersurfaces with bounded index and area, Trans. Amer. Math. Soc. 370 (2018),
no. 6, 4373–4399. MR 3811532

[BW16] Jacob Bernstein and Lu Wang, A sharp lower bound for the entropy of closed
hypersurfaces up to dimension six, Invent. Math. 206 (2016), no. 3, 601–627.
MR 3573969

[BW17a] , The space of asymptotically conical self-expanders of mean curvature flow,
https://arxiv.org/abs/1712.04366 (2017).

[BW17b] , A topological property of asymptotically conical self-shrinkers of small en-
tropy, Duke Math. J. 166 (2017), no. 3, 403–435. MR 3606722

[BW18a] , An integer degree for asymptotically conical self-expanders, https://

arxiv.org/abs/1807.06494 (2018).
[BW18b] , Smooth compactness for spaces of asymptotically conical self-expanders of

mean curvature flow, to appear in Int. Math. Res. Not., https://arxiv.org/abs/
1804.09076 (2018).

[BW18c] , Topology of closed hypersurfaces of small entropy, Geom. Topol. 22 (2018),
no. 2, 1109–1141. MR 3748685

[BW19a] , Relative expander entropy in the presence of a two-sided obstacle and ap-
plications, https://arxiv.org/abs/1906.07863 (2019).

https://arxiv.org/abs/1804.00018
https://arxiv.org/abs/1804.00018
https://arxiv.org/abs/2004.10112
https://arxiv.org/abs/1712.04366
https://arxiv.org/abs/1807.06494
https://arxiv.org/abs/1807.06494
https://arxiv.org/abs/1804.09076
https://arxiv.org/abs/1804.09076
https://arxiv.org/abs/1906.07863


GENERIC REGULARITY 17

[BW19b] , Topological uniqueness for self-expanders of small entropy, https://

arxiv.org/abs/1902.02642 (2019).
[BW20] , Closed hypersurfaces of low entropy in R4 are isotopically trivial, https:

//arxiv.org/abs/2003.13858 (2020).
[Car17] Alessandro Carlotto, Generic finiteness of minimal surfaces with bounded Morse

index, Ann. Sc. Norm. Super. Pisa Cl. Sci. (5) 17 (2017), no. 3, 1153–1171.
MR 3726838

[CC92] Eugenio Calabi and Jian Guo Cao, Simple closed geodesics on convex surfaces, J.
Differential Geom. 36 (1992), no. 3, 517–549. MR 1189495

[CCMS20] Otis Chodosh, Kyeongsu Choi, Christos Mantoulidis, and Felix Schulze, Mean cur-
vature flow with generic initial data, https://arxiv.org/abs/2003.14344 (2020).

[CCMS21] , Mean curvature flow with generic low-entropy initial data, https://

arxiv.org/abs/2102.11978 (2021).
[CHH18] Kyeongsu Choi, Robert Haslhofer, and Or Hershkovits, Ancient low entropy

flows, mean convex neighborhoods, and uniqueness, https://arxiv.org/abs/

1810.08467 (2018).
[CHHW19] Kyeongsu Choi, Robert Haslhofer, Or Hershkovits, and Brian White, Ancient

asymptotically cylindrical flows and applications, https://arxiv.org/abs/1910.
00639 (2019).

[Cho94] David L. Chopp, Computation of self-similar solutions for mean curvature flow,
Experiment. Math. 3 (1994), no. 1, 1–15. MR 1302814

[CIM15] Tobias Holck Colding, Tom Ilmanen, and William P. Minicozzi, II, Rigidity of

generic singularities of mean curvature flow, Publ. Math. Inst. Hautes Études Sci.
121 (2015), 363–382. MR 3349836

[CIMW13] Tobias Holck Colding, Tom Ilmanen, William P. Minicozzi, II, and Brian White,
The round sphere minimizes entropy among closed self-shrinkers, J. Differential
Geom. 95 (2013), no. 1, 53–69. MR 3128979

[CKM17] Otis Chodosh, Daniel Ketover, and Davi Maximo, Minimal hypersurfaces with
bounded index, Invent. Math. 209 (2017), no. 3, 617–664. MR 3681392

[CLS20] Otis Chodosh, Yevgeny Liokumovich, and Luca Spolaor, Singular behavior and
generic regularity of min-max minimal hypersurfaces, https://arxiv.org/abs/

2007.11560 (2020).
[CM12] Tobias H. Colding and William P. Minicozzi, II, Generic mean curvature flow I:

generic singularities, Ann. of Math. (2) 175 (2012), no. 2, 755–833. MR 2993752
[CM15] Tobias Holck Colding and William P. Minicozzi, II, Uniqueness of blowups and

 lojasiewicz inequalities, Ann. of Math. (2) 182 (2015), no. 1, 221–285. MR 3374960
[CM16a] Otis Chodosh and Davi Maximo, On the topology and index of minimal surfaces,

J. Differential Geom. 104 (2016), no. 3, 399–418. MR 3568626
[CM16b] Tobias Holck Colding and William P. Minicozzi, II, The singular set of mean cur-

vature flow with generic singularities, Invent. Math. 204 (2016), no. 2, 443–471.
MR 3489702

[CM20a] Otis Chodosh and Christos Mantoulidis, Minimal surfaces and the allen–cahn equa-
tion on 3-manifolds: index, multiplicity, and curvature estimates, Annals of Math-
ematics 191 (2020), no. 1, 213–328.

[CM20b] Otis Chodosh and Davi Maximo, On the topology and index of minimal surfaces
II, https://arxiv.org/abs/1808.06572 (2020).

[CN13] Jeff Cheeger and Aaron Naber, Quantitative stratification and the regularity of
harmonic maps and minimal currents, Comm. Pure Appl. Math. 66 (2013), no. 6,
965–990. MR 3043387

https://arxiv.org/abs/1902.02642
https://arxiv.org/abs/1902.02642
https://arxiv.org/abs/2003.13858
https://arxiv.org/abs/2003.13858
https://arxiv.org/abs/2003.14344
https://arxiv.org/abs/2102.11978
https://arxiv.org/abs/2102.11978
https://arxiv.org/abs/1810.08467
https://arxiv.org/abs/1810.08467
https://arxiv.org/abs/1910.00639
https://arxiv.org/abs/1910.00639
https://arxiv.org/abs/2007.11560
https://arxiv.org/abs/2007.11560
https://arxiv.org/abs/1808.06572


18 OTIS CHODOSH

[Dey20] Akashdeep Dey, A comparison of the Almgren-Pitts and the Allen-Cahn min-max
theory, https://arxiv.org/abs/2004.05120 (2020).

[DG61] Ennio De Giorgi, Frontiere orientate di misura minima, Seminario di Matematica
della Scuola Normale Superiore di Pisa, 1960-61, Editrice Tecnico Scientifica, Pisa,
1961. MR 0179651

[DH21] Joshua Daniels-Holgate, Approximation of mean curvature flow with generic sin-
gularities by smooth flows with surgery, https://arxiv.org/abs/2104.11647

(2021).
[Ede21] Nick Edelen, Degeneration of 7-dimensional minimal hypersurfaces which are stable

or have bounded index, https://arxiv.org/abs/2103.13563 (2021).
[EH89] Klaus Ecker and Gerhard Huisken, Mean curvature evolution of entire graphs, Ann.

of Math. (2) 130 (1989), no. 3, 453–471. MR 1025164
[Fed70] Herbert Federer, The singular sets of area minimizing rectifiable currents with codi-

mension one and of area minimizing flat chains modulo two with arbitrary codi-
mension, Bull. Amer. Math. Soc. 76 (1970), 767–771. MR 260981

[FF60] Herbert Federer and Wendell H. Fleming, Normal and integral currents, Ann. of
Math. (2) 72 (1960), 458–520. MR 123260

[Fra66] T. Frankel, On the fundamental group of a compact minimal submanifold, Ann. of
Math. (2) 83 (1966), 68–73. MR 187183

[Gas20] Pedro Gaspar, The second inner variation of energy and the Morse index of limit
interfaces, J. Geom. Anal. 30 (2020), no. 1, 69–85. MR 4058505

[GG19] Pedro Gaspar and Marco A. M. Guaraco, The Weyl law for the phase transition
spectrum and density of limit interfaces, Geom. Funct. Anal. 29 (2019), no. 2,
382–410. MR 3945835

[Gua18] Marco A. M. Guaraco, Min-max for phase transitions and the existence of em-
bedded minimal hypersurfaces, J. Differential Geom. 108 (2018), no. 1, 91–133.
MR 3743704

[Hie18] Fritz Hiesmayr, Spectrum and index of two-sided Allen-Cahn minimal hyper-
surfaces, Comm. Partial Differential Equations 43 (2018), no. 11, 1541–1565.
MR 3924215

[HK17a] Robert Haslhofer and Bruce Kleiner, Mean curvature flow of mean convex hyper-
surfaces, Comm. Pure Appl. Math. 70 (2017), no. 3, 511–546. MR 3602529

[HK17b] , Mean curvature flow with surgery, Duke Math. J. 166 (2017), no. 9, 1591–
1626. MR 3662439

[HS85] Robert Hardt and Leon Simon, Area minimizing hypersurfaces with isolated singu-
larities, J. Reine Angew. Math. 362 (1985), 102–129. MR 809969

[HS09] Gerhard Huisken and Carlo Sinestrari, Mean curvature flow with surgeries of two-
convex hypersurfaces, Invent. Math. 175 (2009), no. 1, 137–221. MR 2461428

[Hui90] Gerhard Huisken, Asymptotic behavior for singularities of the mean curvature flow,
J. Differential Geom. 31 (1990), no. 1, 285–299. MR 1030675

[HW19] Or Hershkovits and Brian White, Sharp entropy bounds for self-shrinkers in mean
curvature flow, Geom. Topol. 23 (2019), no. 3, 1611–1619. MR 3956898

[HW20] , Nonfattening of mean curvature flow at singularities of mean convex type,
Comm. Pure Appl. Math. 73 (2020), no. 3, 558–580. MR 4057901

[Ilm95] Tom Ilmanen, Lectures on mean curvature flow and related equations (Trieste
notes), https://people.math.ethz.ch/~ilmanen/papers/notes.ps (1995).

[IMN18] Kei Irie, Fernando C. Marques, and André Neves, Density of minimal hypersurfaces
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