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Abstract

In recent years, engineers have been increasingly called upon to have
basic skills in economic modeling and game theory at their disposal for
two related reasons. First, the economics of networks has a significant
effect on the adoption and creation of network innovations, and sec-
ond, and perhaps more importantly, engineered networks serve as the
platform for many of our basic economic interactions today. This mono-
graph aims to provide engineering students who have a basic training
in economic modeling and game theory an understanding of where and
when game theoretic models are employed, the assumptions underpin-
ning key models, and conceptual insights that are broadly applicable.



1
Introduction

In recent years, network engineers have been increasingly called upon
to have basic skills in economic modeling and game theory at their dis-
posal. Economics chiefly concerns itself with the “production, distribu-
tion, and consumption of goods and services” (per Merriam–Webster’s
Dictionary); game theory provides the theoretical foundations on which
many economic models are built. Recent history has cast economics at
the forefront of network engineering in particular in two ways. First,
the economics of networks has a significant effect on the adoption and
creation of network innovations (e.g., regulation of wireless spectrum —
or the lack thereof — was a significant catalyst for the development of
WiFi technologies). Second, and perhaps more importantly, engineered
networks serve as the platform for many of our most basic economic
interactions today. Despite this collision of economics and engineer-
ing, our own observation is that the typical networking student does
not garner economic training until later in their graduate career — if
at all.

Given the two facts in the previous paragraph, our position is that
basic economic understanding is a critical tool in the arsenal of the
modern student studying networks. Accordingly, this text is targeted
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at providing a primer in economic modeling and game theory for such
students in engineering, operations research, or computer science. Our
focus is on providing a grounding for the basics, and particularly an
understanding of where and when economic models are employed; the
assumptions underpinning key models; and conceptual insights that
are broadly applicable. We designed this monograph to be less of a
mathematical or computational “how-to” guide to economic theory —
there are innumerable textbooks available on the subject that address
that requirement much more effectively. Rather, we felt a significant
need to answer the following types of questions:

(1) What is the difference between efficiency and fairness?
(2) What assumptions lead to the result that markets are effi-

cient?
(3) When is a game theoretic model appropriate?
(4) When is Nash equilibrium a reasonable solution concept?
(5) Why is one auction format preferable to another?

More than just working with economic models, it is important for engi-
neering students to be able to take a critical eye to such models as well.
Our monograph is intended to help students develop that critical eye.
In this sense, we view this monograph as a complement to a good intro-
ductory textbook or course on microeconomics or game theory; some
references are provided in the endnotes to the introduction.

As a more specific example of the type of conceptual grounding we
are after, we begin by noting that one can identify two distinct but
interrelated approaches to the use of economic methods in the engi-
neering sciences. First, we observe that in many instances economic
models are used as a semantic device to aid in modeling an engineering
problem. In this setting, the system under consideration is typically
designed and implemented holistically; however, decentralized imple-
mentation requires that we understand the output of many interacting
subcomponents. In some instances, viewing this interaction as a game
can yield useful insight. In the second approach, game theoretic models
are used as an economic device to explicitly capture incentives of a
range of rational, self-interested parties. Here game theoretic models
are used to predict the outcome of their interaction, and in some cases
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design mechanisms to control that interaction. In contrast to the seman-
tic approach, in the economic approach many aspects of the game are
dictated by practical realities of the economic problem considered.

In the semantic approach, the usual goal is to leverage game
theoretic techniques to design an optimal decentralized system. Con-
gestion control is commonly cited as an example of this approach in
networking. Here end-system controllers determine sending rates in
response to congestion signals from the network; these signals can range
from simple (packet loss due to buffer overflow) to complex (active
queue management, or AQM, algorithms to determine explicit conges-
tion notification, or ECN, marks). These algorithms can be naturally
viewed in terms of a market, where the “buyers” are the end sys-
tems, and the “sellers” are the capacitated links of the network. Prices
mediate supply and demand, and under certain conditions a market
equilibrium exists and is efficient. Of course, the notion of “buying”
and “selling” is purely semantic; however, it serves as a valuable (and
powerful) guide that allows us to bring economic tools to bear on an
engineering problem.

In the economic approach, by contrast, many features of the game
are dictated by practical realities of the economic problem considered.
A timely example is provided in recent studies of peer-to-peer (P2P)
filesharing. Here there is a fundamental tension between the fact that
a well-functioning filesharing system needs users to contribute content;
but in the absence of any other incentive, users generally derive max-
imum benefit from downloading content, rather than contributing it.
Note that in this setting the incentives are real: they are the incentives
of the users contributing to the system, and any game theoretic model
must start from this basic observation. At the same time, we empha-
size that this approach can still involve an element of design: often we
are interested in designing protocols or mechanisms that can provide
the right incentives to self-interested agents. In that case, the economic
approach shares much in common with the semantic approach to game
theoretic modeling.

This kind of distinction may not be immediately evident to the
network engineering student taking an economic modeling class for the
first time. However, we believe it is a first order concern in formulating



1.1 Endnotes 169

any economic model in a networking setting. As we will see in the
remainder of the text, it is a distinction that informs many of the
concepts we present.

The remainder of the monograph is organized as follows. In
Chapter 2, we introduce the basics of welfare analysis — the eco-
nomic analysis of efficient allocation of resources among competing
uses. In Chapter 3, we discuss game theoretic foundations, including a
range of equilibrium concepts. In Chapter 4, we discuss externalities —
the (positive or negative) impact of one individual’s actions on others.
In Chapter 5, we discuss mechanism design — the design of economic
environments (such as markets) that yield desirable outcomes.

A note on organization. Every section of every chapter is organized
in an identical manner. Each section begins with a preamble setting the
stage without technical details. The subsections then progress through
Methodology (describing the technical approach); Examples (illustrating
the methodology); and Discussion (describing key conceptual issues
related to the section topic). The discussion subsections in particular
play a significant role in our book: they delve beyond the “how” of
economic modeling and game theory, and deal largely with the “why.”
Each chapter concludes with a section of Endnotes that lists several
references for the material discussed in the chapter. The literature on
economics and game theory is vast. We have not tried to provide a
comprehensive bibliography, but rather focus on a few key references
to provide interested readers with a starting point for exploring the
material in greater depth.

A note on terminology. Throughout the monograph, we refer to
individuals as “players,” “agents,” or “users”; we use the terms inter-
changeably.

1.1 Endnotes

For more background on game theory we refer the readers to one of
many books available on this subject such as Gibbons [12], Fuden-
berg and Tirole [11], Osborne and Rubinstein [32], Myerson [28], and
Owen [33]. Also, Mas–Colell et al. [24] provides a good introduc-
tion to game theory as well many other aspects of microeconomics.
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In theoretical computer science, algorithmic questions related to game
theory have been increasingly studied; Nisan et al. [31] provides
an excellent overview of this work. In communication networking,
Walrand [42] is a good tutorial on economic issues relevant to commu-
nication networks, including situations where game theoretic modeling
is used.



2
Welfare

In the context of resource allocation, welfare analysis uses an economic
approach to study the overall benefit (or welfare) generated under alter-
native mechanisms for allocation of scarce resources. For our purposes,
welfare analysis serves as a benchmark approach to resource allocation
in engineered systems, and in particular allows us to introduce several
essential concepts in economic modeling. We begin in Section 2.1 by
introducing the notion of utility, the value that is derived by an indi-
vidual from consumption of resources. Next, in Section 2.2, we discuss
efficiency and define Pareto optimality, a way to measure the welfare
of allocation choices. In Section 2.3, we discuss fairness considerations,
and in particular how different notions of fairness lead to different
ways of choosing between Pareto optimal outcomes. In Section 2.4, we
introduce a particularly useful model of utility, where all market par-
ticipants measure their utilities in a common unit of currency; these are
known as quasilinear environments. In Section 2.5, we discuss the role
of prices in mediating resource allocation through markets, and connect
price equilibria to efficient market outcomes — as well as discuss some
reasons why efficiency may fail to be achieved in markets. Finally, in
Section 2.6, we briefly discuss the role of information in markets, and in
particular discuss the welfare consequences of information asymmetries.

171
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2.1 Utility

Utility provides a basic means of representing an individual’s prefer-
ences for consumption of different allocations of goods or services.
Utility is a central concept in the analysis of efficiency of economic
systems, because it provides a metric with which to measure the satis-
faction of an individual user. Welfare analysis is ultimately concerned
with the utility levels generated by resource allocations across the sys-
tem as a whole, but clearly a major building block in this exercise is to
characterize the value of resources to a single user.

2.1.1 Methodology

Since utility functions are meant to capture an agent’s preferences, we
start by defining a preference relation for an agent. Suppose that there
is a set J of resources available in the system, and let xr = (xjr, j ∈ J)
denote a bundle of these resources allocated to user r. A preference
relation, �, is a binary relation used to model a user’s preferences for
different possible bundles, so that if xr � yr, then user r finds xr at
least as “good” as yr.

“Utility” refers to an assignment of value to each possible bundle
that is aligned with an agent’s preferences. Formally, a preference rela-
tion, �, is represented by a utility function, Ur(xr), if Ur(xr) ≥ Ur(yr)
whenever xr � yr, i.e., if a larger utility indicates that a bundle is more
preferred by an agent. In some examples, the user’s preferences and so
their utility may depend only on a lower-dimensional function of the
resource bundle; for example, in the case of resource allocation in net-
works, a user’s utility may be a function only of the total rate allocation
they receive. In these cases we adapt our notation accordingly.

There are two features of utility functions that are natural to
consider in our context.

Monotonicity. We only consider utility functions that are nonde-
creasing, i.e., if every component of the allocated resource vector weakly
increases, then the utility weakly increases as well. This means that
every individual prefers more resources to less resources. A key implicit
reason that monotonicity is plausible is the notion of free disposal:
that excess resources can always be “disposed of” without any cost or
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penalty. With free disposal, an individual is only ever better off with
additional resources.

There are certain cases where consumption may be non-monotonic:
for example, consumption of cigarettes may yield increased short-term
utility at the expense of reduced long-term utility. In the case of online
information, one reason for diminishing utility with increasing amounts
of information may be our limited cognitive ability to search through
it to find what we want (though this may be difficult to model). For
our purposes, however, restriction to monotonic utility functions will
suffice. Further, when utility depends only on a scalar quantity, we
will often assume the utility function is strictly increasing for technical
simplicity.

Concavity. Utility functions can take any shape or form, but one
important distinction is between concave and convex utility functions.
Concave utility functions represent diminishing marginal returns to
increasing amounts of goods, while convex utility functions represent
increasing marginal returns to increasing amounts of goods.

In the context of network resource allocation, there is an additional
interpretation of concavity that is sometimes useful. Consider two users
with the same utility function U(x) as a function of a scalar data rate
allocation x; these users share a single link of unit capacity. We consider
two different resource allocations. In the first, we randomly allocate
the entire link to one of the two users. In the second, we split the link
capacity equally between the two users. Which scenario do the users
prefer?

Observe that if the users are making a phone call which requires
the entire link for it’s minimum bit rate, then the second scenario is
undesirable. On the other hand, if the users are each downloading a
file, then the second scenario delivers a perfectly acceptable average
rate (given that both users are contending for the link). The first (resp.,
second) case is often modeled by assuming that U is convex (resp., con-
cave), because the expected utility to each user in the first allocation
is higher (resp., lower) than the expected utility to each user in the
second allocation. (Both results follow by Jensen’s inequality.) For this
reason, concave utility functions are sometimes thought to correspond
to elastic traffic and applications, such as filesharing downloads; while
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convex utility functions are often used to model applications with
inelastic minimum data rate requirements, such as voice calls.

Finally, from a technical standpoint, we note that concavity plays
an important role when we consider maximization of utility, given the
technical simplicity of concave maximization problems.

2.1.2 Discussion

Preferences. If a utility represents an agent’s preferences, a basic ques-
tion is then: Do such representations always exist? The answer to this
is “yes” provided that the user’s preferences satisfy some additional
assumptions. In particular, suppose an agent’s preferences are complete
(meaning a preference exists between any two bundles) and transitive
(meaning that if xr � yr and yr � zr, then xr � zr); suppose also that
the set of bundles is finite. Then it can be shown that such an agent’s
preferences can always be represented by a utility function. (For an
infinite set of bundles, this is also true with an additional continuity
assumption.)

A complete and transitive preference relation is also referred to as a
rational preference relation and is assumed in nearly all economic mod-
eling. Conversely, it can be shown that any utility function defined over
a set of resource bundles gives a rational preference relation. Because
of this fact, in many cases the assumption of rational preferences is
implicit; often papers start by simply defining a utility function for
each agent without mentioning the underlying preferences.

One might then ask: why are both concepts needed? Both serve a
purpose. Preference relations are typically viewed as being more funda-
mental, and are something that can be at least partially inferred from
the choices an agent makes; for example, we can repeatedly ask an agent
which of two bundles she prefers. On the other hand, utility is a more
compact representation and is more convenient for analytical work.

Rationality. A central theme in economic modeling is that the
rational agent always acts to produce outcomes that are more pre-
ferred; in the context of utility functions, this means agents always act
to maximize their own utility. Of course, this is a concept that is elegant
in its simplicity, but routinely comes under fire for implausibility in a
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range of settings. Perhaps the most common objection is that cognitive
limitations often lead to suboptimal decisions.

There are two complementary responses to this issue. The first says
that utilities are not “real”; rather, they are the modeler’s abstraction of
how an agent behaves. In this view, what we are doing is taking data of
observed behavior, and trying to model that behavior as if it came from
optimization of an underlying utility function. This view is reasonable
theoretically, but suffers in practical terms when utility representations
that capture nuances of behavior become exceedingly complex.

The second response says that abstracted and simplified utility mod-
els are merely baselines to establish qualitative understanding of how
incentives govern behavior. Often, when there are first order biases in
behavior away from the fully rational model, these can be captured by
considering heuristics of behavior that are perturbations to the initial
utility model. For example, in dynamic environments, agents may act
myopically rather than forecast the consequences of their actions in the
future; this approach simplifies behavior yet still requires a model of
utility that the agent maximizes myopically.

Comparing utility. When using a utility function to determine which
of two bundles an agent prefers, only the relative ranking of the utili-
ties matters, and not the absolute numeric values of the utility. In other
words, whether agent r prefers xr to yr only depends on if Ur(xr) is
larger or smaller than Ur(yr). For this reason such a utility function is
referred to as an ordinal utility. Note that as a consequence, the ordi-
nal utility representing an agent’s preferences is not unique. Indeed, if
we set Vr(xr) = f(Ur(xr)) for any strictly increasing function f , then
Vr(xr) is another valid utility function that represents the same pref-
erences as Ur(xr).

Ordinal utility suffices for representing the preferences of one agent.
However, one would often like to compare allocation decisions across
agents. In such settings, it can be desirable for the units of utility to
have some meaning. For example, even if two individuals both prefer
two units of a good more than one unit of the same good, one may be
interested in which agent values the one additional good the most, i.e.,
which agent receives the “most utility” from the good. Without addi-
tional assumptions, an ordinal utility does not allow us to answer such
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questions, since the units of utility have no meaning. (This discussion
focuses on modeling an agent’s true economic preferences; when eco-
nomic models are used as a semantic device, the modeler often designs
utilities to reflect physical quantities and so they do have well defined
units of measurement.) We discuss these issues further throughout the
chapter; see in particular Section 2.4 for a particular setting where
utility is measured in a common unit.

Risk aversion. The discussion of inelastic and elastic utility
functions above is closely connected to the notion of risk aversion in
microeconomic modeling. To see the connection, suppose we let U(w)
represent the utility to an individual of w units of currency (or wealth).
Suppose we offer the individual a choice between (1) W units of wealth
with certainty; or (2) a gamble that pays zero with probability 1/2,
or 2W with probability 1/2. Note that the same kind of reasoning as
above reveals that if U is concave, then the individual prefers the sure
thing (W units of wealth with certainty); while if U is convex, the indi-
vidual prefers the gamble. For this reason we say that an individual
with concave utility function is risk averse, while an individual with a
convex utility function is risk seeking. It is generally accepted that indi-
viduals tend to be risk averse at higher wealth levels, and risk neutral
(or potentially even risk seeking) at lower wealth levels.

2.2 Efficiency and Pareto Optimality

A central question in any resource allocation problem is to define the
notion of efficiency. To an engineer, efficiency typically means that
all resources are fully utilized. However, this leaves many possibilities
open; in particular, how are those resources allocated among agents in
the system? It may be possible that some allocations that fully utilize
resources lead to higher overall utility than others. In economics, effi-
ciency is typically tied to the utility generated by resource allocations,
through the notion of Pareto optimality.

2.2.1 Methodology

We require some notation and terminology. Let R be the set of users in
a system, and let X denote the set of all possible resource allocations.
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Let Ur be the utility function of user r. Let x = (xr, r ∈ R) and
y = (yr, r ∈ R) be two possible resource allocations to these users, i.e.,
two elements of X . We say that x Pareto dominates y if Ur(xr) ≥
Ur(yr) for all r, and Us(xs) > Us(ys) for at least one s in R. In other
words, the allocation x leaves everyone at least as well off (in util-
ity terms), and at least one user strictly better off, than the alloca-
tion y. From a system-wide (or “social”) standpoint, allocations that
are Pareto dominated are undesirable, since improvements can be made
to some users without affecting others.

This leads to the formal definition.

Definition 2.1. A resource allocation x ∈ X is Pareto optimal if it is
not Pareto dominated by any other allocation y ∈ X .

2.2.2 Examples

Example 2.1(Single resource allocation). A key example we focus
on throughout the manuscript is the basic problem of allocating a sin-
gle resource among competing users. Formally, suppose that we are
given a single resource of capacity C, and a set of users R, with user r

having concave, strictly increasing utility function Ur as a function of
the resource they are allocated. Assuming that the resource is perfectly
divisible, i.e., the capacity can be divided arbitrarily among the agents,
it follows that the set of possible resource allocations is given by

X =

{
x ≥ 0 :

∑
r

xr ≤ C

}
.

It is clear that in this setting, the Pareto optimal allocations correspond
exactly to the allocations where the entire link is utilized. Note, in par-
ticular, that there are many such allocations — and Pareto optimality
by itself provides no guidance on how to choose between them.

Example 2.2 (Multiple resource allocation). Now suppose there
are two resources, each with unit capacity, and two users. User 1 prefers
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resource 1 to resource 2; while user 2 prefers resource 2 to resource 1. In
particular, letting xjr be the quantity of resource j allocated to user r,
assume we have U1(x11,x21) = 2x11 + x21, while U2(x12,x22) = x12 +
2x22. Now consider two allocations that completely use all resources.
In the first allocation x, user 1 receives all of resource 1, and user 2
receives all of resource 2. In the second allocation y, user 2 receives all
of resource 1, and user 1 receives all of resource 2. The second allocation
generates a utility of one unit to each user, while the first allocation
generates a utility of two units to each user. Thus both allocations
consume all resources; but only the second is Pareto optimal. We leave
it as an exercise for the reader to determine whether there are any more
Pareto optimal allocations in this setting.

2.2.3 Discussion

Economic efficiency vs. engineering efficiency. The examples highlight
the important difference between economic efficiency and engineering
efficiency. In the single resource setting, an economist’s notion of effi-
ciency corresponds with an engineer’s notion of efficiency: the resource
should be fully utilized. However, in general, economic efficiency is
not only concerned with full utilization of available resources, but also
optimal allocation of those resources among competing uses. This is
the additional twist in the second example: it is essential to consider
the value generated in considering which user receives each resource.
Indeed, that challenge is at the heart of the economic approach to
resource allocation, and this is why welfare analysis is so central in
economics.

2.3 Fairness

As the examples in the previous section illustrate, there may be many
Pareto optimal allocations. How do we choose among them? In this
section, we will focus on fairness considerations in resource allocation.
There are many competing notions of fairness; in this section, we focus
on those notions that provide guidance for choosing between multiple
possible Pareto optimal allocations. A central point of this section is to
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illustrate the difference between Pareto optimality, which is an objective
notion, and fairness, which is a subjective notion.

2.3.1 Methodology

We focus on a setting where the set of possible resource allocations in
the system is given by X ; we assume that X is convex, compact, and
nonempty. We assume that R users compete for resources, with user r’s
utility given by Ur(xr) at an allocation xr. For technical simplicity, we
assume each user’s utility is strictly concave and nondecreasing. (Strict
concavity is not essential but simplifies the presentation below.)

We focus on a particular class of fairness criteria that are defined
as follows. Let f be a strictly concave, strictly increasing function on
the reals. In that case, it is straightforward to check that for each r,
f(Ur(xr)) is a strictly concave function of xr. It follows that there
exists a unique solution x∗ to the following optimization problem:

maximize
∑

r

f(Ur(xr))

subject to x ∈ X .

Further, the solution x∗ is also Pareto optimal. (We leave verification
of these facts as an exercise for the reader.)

Observe that each choice of f defines a potentially different choice
of the Pareto optimal point x∗. (Indeed, it can be shown that under
our assumptions, every Pareto optimal point can be recovered through
an appropriate choice of f .) We interpret f itself as encoding a fairness
criterion in this way: the choice of f directly dictates the resulting
“fair” allocation among all Pareto optimal points.

We note that, of course, there are many generalizations of this
approach to fairness. For example, the function f may be user-
dependent, or there may be a weight associated to each user in the
objective function above. More generally, the aggregation function in
the objective need not be a summation; we will see one such exam-
ple below. In our presentation, for simplicity, we do not develop these
generalizations.

Below we introduce three fairness criteria identified in this way
(utilitarian, proportional, and α-fairness), and a fourth obtained as
a limiting case (max-min fairness).
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Utilitarian fairness. Perhaps the simplest choice of fairness is the
case where f is the identity, in which case the Pareto optimal point that
maximizes the total utility of the system is chosen. This is called the
utilitarian notion of fairness; the name dates to the philosopher Jeremy
Bentham, the founder of utilitarianism. An alternative interpretation is
that utilitarian fairness implicitly assumes that all agents’ utilities are
measured in exactly the same units; and given this fact, the allocation
should be chosen that maximizes the total “utility units” generated.

Proportional fairness. Utilitarian fairness can lead to allocations
that remove users with lower utilities from consideration, in favor of
those that generate higher utilities. One way of mitigating this effect
is to scale down utility at higher resource allocations. This leads to the
notion of proportional fairness, obtained by using f(U) = logU .

The name “proportional fairness” is due to the following observa-
tion. Suppose for a moment that each user’s utility depends only on
a scalar quantity xr, and that Ur(xr) = xr. Then if x∗ is the resulting
optimal allocation, and x is any other allocation, then the following
inequality holds: ∑

r

xr − x∗
r

x∗
r

≤ 0.

In other words, the sum of proportional changes in the allocation across
users cannot be positive. This condition can be verified from the opti-
mality conditions for x∗; indeed, it is in fact an alternate characteri-
zation of the proportionally fair allocation. We leave the proof as an
exercise for the reader.

α-fairness. Consider the following function f :

f(U) =




U1−α

1 − α
, if α �= 1;

logU, if α = 1.

This utility function has the property that it is strictly concave and
strictly increasing for all α ≥ 0. As α increases, the utility function
exhibits progressively stronger decreasing marginal returns.

The resulting family of fairness notions, parameterized by α, is
called α-fairness. This family is particularly useful because it includes
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several special cases as a result. For example, when α = 0, we recover
utilitarian fairness; and when α = 1, we recover proportional fairness.
The case α = 2 is sometimes called TCP fairness in the literature on
congestion control in communication networks, because the allocation
it leads to mimics the allocations obtained under the TCP congestion
control protocol. Finally, an important special case is obtained when
α → ∞; we discuss this next.

Max-min fairness. We conclude by discussing a fairness notion that
does not fit in the framework above. In particular, x∗ is max-min fair
if it solves the following optimization problem:

x∗ = argmax
x∈X

[
min

r
Ur(xr)

]
.

It can be shown that this outcome is obtained as the limit of the α-fair
allocation, as α → ∞.

Max-min fairness is sometimes called Rawlsian fairness after the
philosopher John Rawls. It advocates for the protection of the utility
of the least well off user in the system, regardless of whether a small
utility change to this user might cause large changes in the utility of
another user.

2.3.2 Example

To illustrate the differences in the fairness notions above, we consider
the following example.

Example 2.3(Network resource allocation). We consider a com-
munication network resource allocation problem with three users and
two resources, each of unit capacity. User 1 sends data only through
resource 1. User 2 sends data only through resource 2. User 3 sends
data through both resources 1 and 2. (See Figure 2.1.) Letting xr be
the rate allocation to user r, the two resources define two constraints
on x:

X = {x ≥ 0 : x1 + x3 ≤ 1; x2 + x3 ≤ 1}.

Suppose the utility functions of all users are the identity utility func-
tion: Ur(xr) = xr for all r.
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Fig. 2.1 The network in Example 2.3.

It is then straightforward to check the following calculations:

(1) The utilitarian allocation is x1 = x2 = 1, x3 = 0.
(2) The max-min fair allocation is x1 = x2 = x3 = 1/2.
(3) The proportionally fair allocation is x1 = x2 = 2/3, and

x3 = 1/3.

Thus the utilitarian allocation yields nothing to user 3, instead
rewarding the shorter routes 1 and 2. The max-min fair allocation,
by contrast, allocates the same data rate to user 3 as to users 1 and 2,
despite the fact that user 3 uses twice as many resources. Proportional
fairness falls in the middle: user 3 receives some data rate, but half as
much as each of the other two users. In this sense, proportional fairness
“interpolates” between the other two fairness notions; the same is true
for other values of α with 0 < α < ∞.

2.3.3 Discussion

Subjective vs. objective: fairness vs. efficiency. As discussed at the
beginning of the section, a central theme of our presentation is to
clarify the stark contrast between efficiency (Pareto optimality) and
fairness. Pareto optimality is an objective notion, that characterizes
a set of points among which various fairness notions might choose.
Fairness is inherently subjective, because it requires making a value
judgment about which users will be preferred over others when
resources are limited.

This is an important distinction. In particular, observe that there
is no “tradeoff” between fairness and efficiency — the two are
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complementary concepts. Different fairness notions correspond to dif-
ferent distributions of welfare across the population. Indeed, it is
precisely because fairness is subjective that there can be significant
debates on economic policy related to wealth redistribution, even
among individuals that are equally well informed and qualified.

Fairness and protocol design. Fairness is perhaps one of the most
difficult design decisions in resource allocation, because there need not
be an objective criterion to guide the decision. An important miscon-
ception in designing resource allocation protocols is the notion that
it is possible to ignore fairness in designing the protocol. Engineers
may often feel that by following an established standard or norm, they
are avoiding having to make a decision about the fairness criterion in
allocating resources between competing uses; for example, every MAC
protocol or congestion control protocol implicitly implements a fairness
judgment across competing flows, applications, or users.

The key point is that all allocation of scarce resources involves a
value judgment; the question is how this value judgment will be made.
The protocol engineer must make sure they are aware of fairness crite-
rion their deployment implements.

Axiomatic approaches to fairness. With so many different fairness
notions, it seems natural to consider mathematical foundations for mak-
ing choices among them. Two significant branches of literature consider
axiomatic approaches to choosing among Pareto optimal allocations:
the social choice literature, and the axiomatic bargaining literature.
Both lines of literature aim to determine whether there are general
mechanisms that choose outcomes consistent with particular fairness
axioms. We particularly note an important result in the axiomatic bar-
gaining literature relevant to our discussion here: the Nash bargaining
solution. This solution was Nash’s resolution of the problem of fair
resource allocation; from a parsimonious set of axioms he derives a
general rule for resource allocation. It can be shown that in the setting
we discussed above, proportional fairness corresponds to a particular
instantiation of the Nash bargaining solution. We emphasize that such
axiomatic approaches do not remove the value judgment inherent in
choosing a fairness criterion, but rather reframe this choice to one of
selecting the set of fairness axioms.
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Other approaches to fairness. Finally, we note that in our discus-
sion, we focused on fairness notions that choose among Pareto optimal
allocations. There are other fairness notions that may lead to alloca-
tions that are not even Pareto optimal. One example is envy-freeness.
Formally, an allocation is envy-free if no user would strictly prefer to
exchange their allocation with that given to another user. It is straight-
forward to construct examples of envy-free allocations that are not
Pareto optimal; we leave this as an exercise for the reader.

2.4 Quasilinear Environments: The Role of Currency

To this point, we have treated utility as measured in arbitrary units.
Among other things, this means we cannot directly compare the “value”
that one user obtains from a quantity of resource with another user.
This is one reason we resort to fairness notions in the first place: with-
out any way to directly compare individual users, the set of possible
Pareto optimal allocations can be quite large, necessitating a subjec-
tive choice among them. In this section, we show that the introduction
of a common currency of measurement allows us to succinctly identify
Pareto optimal allocations.

2.4.1 Methodology

In this section, we again assume that there are R users competing
for resources, with the set of feasible allocations identified by X . We
assume that the system also consists of one additional good, a currency.
We assume that users’ utilities are measured in units of currency. In
particular, we assume that each user r’s utility can be written as:

Ur(xr) + wr,

where xr is the allocation of resources other than currency to user r,
and wr is her allocation of currency. Such utilities are called quasilinear,
because they are linear in one of the goods (currency). Observe that in
this definition, every user’s utility is evidently being measured in units
of currency. When the utility is defined in this way, we refer to Ur as
the valuation function for user r. Observe that Ur is itself measured in
currency units as well.
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Typically, for simplicity, we make two assumptions about the sys-
tem when utilities are quasilinear. First, we assume that the initial
endowment of currency to each individual is zero. Second, however, we
also assume no credit constraints: we allow each individual to spend
as much as they wish, subject to the constraint

∑
r wr ≤ 0. The last

constraint ensures that an agent can only receive a positive amount of
currency if the other agents spend at least that much in aggregate. If
this inequality is strict, then some currency leaves the system. Note
that, of course, if an individual spends currency, they incur a disutility
given the structure of their utility function.

The possibility of monetary transfers greatly simplifies characteriza-
tion of Pareto optimal allocations. The key intuition is that if an agent
prefers a different allocation that makes another agent worse off, then
a monetary transfer can be used as compensation. As long as the net
combination of change in valuation and monetary transfer is positive
for each agent, such changes in allocation will be Pareto improving.
This intuition is formalized in the following result.

Theorem 2.1. Suppose all users have quasilinear utility. Then an allo-
cation x∗ and vector of monetary transfers w∗ are Pareto optimal if
and only if they satisfy the following two conditions:

x∗ ∈ argmax
x∈X

∑
r

Ur(xr);

∑
r

w∗
r = 0.

Proof. Suppose that x∗ and w∗ are Pareto optimal. If the second con-
dition in the theorem does not hold, then currency leaves the system;
thus in this case we can (feasibly) strictly improve the utility of any
agent by returning this “lost” currency to them. Thus if x∗ and w∗ are
Pareto optimal, then the second condition of the theorem must hold.

Now we focus on the first condition. Suppose that it does not hold;
then there exists some other allocation x with

∑
r Ur(xr) >

∑
r Ur(x∗

r).
For each user r, define:

w′
r = Ur(x∗

r) − Ur(xr).
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Now consider the allocation x together with the monetary transfers w′.
Observe that

∑
r w′

r < 0, and that the resulting overall utility to each
user r is exactly Ur(xr) + w′

r = Ur(x∗
r). Thus the utility to each agent

is unchanged, so all agents are exactly as well off as they were before;
however, on balance, we have removed currency from the system. As in
the previous paragraph, we can strictly improve the utility of any agent
by returning the lost currency to them — violating Pareto optimality
of x∗ and w∗.

The reverse direction is similar, and left as an exercise for the
reader.

The preceding theorem is an essential tool in the analysis of quasi-
linear environments. The basic point is that in quasilinear environ-
ments, Pareto optimality corresponds to maximization of the sum of
valuations (analogous to what we called utilitarian fairness in the
preceding section). Note that this somewhat eases fairness consider-
ations, particularly in contexts where the aggregate valuation maxi-
mizing resource allocation is uniquely defined.

Often, in an abuse of terminology, it is simply said that an allocation
x∗ is Pareto optimal if it maximizes the sum of valuations; in other
words, any vector w∗ of monetary transfers that sums to zero can be
chosen, and the resulting pair x∗ and w∗ would be Pareto optimal in
the formal sense described above.

An additional value of the preceding result is that it gives us a single
metric by which to measure the economic efficiency of the system. In
general, entire utility vectors must be compared to determine Pareto
optimality. By contrast, in quasilinear environments, we can measure
the welfare of the system through the single metric of the sum of valu-
ations. Indeed, the sum of valuations is sometimes directly referred to
as the aggregate welfare for quasilinear environments. Note that this is
the explanation of the term “welfare” in the title of this chapter.

2.4.2 Discussion

Uniqueness of optimal solutions. Quasilinear environments are particu-
larly easy to work with when the aggregate utility optimization problem
is strictly concave, since in this case the Pareto optimal allocation is
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unique. In more complex settings, it may be difficult to solve for the
Pareto optimal allocations. One important example is provided by com-
binatorial auctions; these are auctions where bidders compete for bun-
dles of goods, and the valuation function of a bidder can depend in
complex ways on the exact composition of the bundle received. The
combinatorial structure in bidders’ valuations can make the resulting
optimization problem quite complex.

First-best optimality. We note here that maximization of the sum
of valuations provides a natural benchmark against which to compare
any scheme for resource allocation. For this reason the Pareto optimal
utility (and resulting welfare) are often referred to as the “first-best”
outcome, as compared to “second-best” outcomes arising from alterna-
tive mechanisms. Depending on the context, second-best solutions typ-
ically suffer some efficiency loss relative to the first-best outcome, but
may have other properties that make them more practically appealing.

Plausibility of quasilinearity. Even in the presence of a currency,
there are reasonable questions regarding whether quasilinearity is
plausible. In some cases, it is a matter of convenience to focus on quasi-
linear utilities. This is certainly the case, for example, in most models in
auction theory; see Chapter 5. Generally, such an assumption is unrea-
sonable when there are significant differences in the marginal utility
of wealth to an agent at different wealth levels. For example, at high
wealth levels, the marginal effect of an additional unit of currency is
generally lower than at low wealth levels. An even more basic objec-
tion can be raised in the context of network protocol design, where no
obvious currency or direct mechanism of comparison exists between dif-
ferent users or different applications. In such settings, particularly when
economic models are only used as a semantic tool, it may be reason-
able to assume preferences that are quasilinear in some other variable
(such as delay or throughput). Ultimately, any time that quasilinear-
ity becomes an unreasonable assumption, the door is reopened to a
discussion of suitable fairness criteria.

2.5 Price Equilibria

In the preceding sections, we have discussed the notion of efficiency
for an economy; notably, in the case of quasilinear economies, we
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discovered that Pareto optimality corresponds to maximization of
aggregate welfare. However, our discussion thus far has not addressed a
significant question: how do individuals find Pareto optimal allocations?
In this section, we investigate how prices can play the role of mediating
variables that help lead a system to Pareto optimal outcomes, under
the right conditions.

2.5.1 Methodology

For simplicity in this section we consider a quasilinear environment,
i.e., all participants in the system have their utilities measured in
monetary units. We consider a slightly richer model in this section
than in preceding sections. We continue to consider a setting where
R users compete for resources; let J denote the number of distinct
resources. As before, let xjr denote the amount of good j consumed
by consumer r. Due to quasilinearity, if consumer r receives a bundle
of goods xr = (xjr, j = 1, . . . ,J), and receives wr in currency, then user
r’s utility is:

Ur(xr) + wr. (2.1)

Throughout, we assume that Ur is concave, nondecreasing in xr, con-
tinuous, and continuously differentiable.

Up to this point the system looks identical to that in the preceding
sections. However, in this section, we also add producers to the mix.
Producers are able to create resources for consumption by users. For-
mally, we assume there are S producers and let yjs denote the amount
of resource j produced by firm s. If producer s receives revenue ts, and
produces a vector ys = (yjs, j = 1, . . . ,J), then we assume producer s

earns a profit given by:

ts − Cs(ys). (2.2)

Here Cs is the production cost function of producer s. Throughout, we
assume that Cs is convex, continuous, and continuously differentiable.
In addition, for technical simplicity we assume that Cs(ys) is strictly
increasing in each coordinate yjs (though this is not essential).
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Suppose that the combined system of users and producers can
destroy any created resources (including money) at zero cost, but that
no goods (including money) can be injected into the economy. Then by
arguing as in the preceding section, we can conclude that the alloca-
tion (x,y) together with transfers (m,t) constitute a Pareto optimal
operating point if and only if:

(1) The pair (x,y) solves the following optimization problem:

maximize
∑

r

Ur(xr) −
∑

s

Cs(ys) (2.3)

subject to
∑

r

xr =
∑

s

ys, x,y ≥ 0. (2.4)

(2) The transfers balance:
∑

r mr =
∑

s ts.

As discussed in the preceding section, we sometimes abuse terminology
by saying that (x,y) are efficient if they solve the optimization problem
(2.3)–(2.4) (since in this case monetary transfers that balance would
yield Pareto optimality in the usual sense).

Let W (x,y) =
∑

r Ur(xr) −∑s Cs(ys). In addition to the rele-
vant concavity/convexity assumptions above, we also assume now that
W (x,y) is coercive, i.e., we assume that as ‖y‖ → ∞, W (x,y) → −∞
as well. Under these assumptions, there exists at least one optimal
solution to (2.3)–(2.4).

Let’s now consider how the economy of users and producers might
find such an operating point. We consider an abstraction where a price
vector mediates exchange between users and producers, i.e., prices
determine the amount of currency per unit resource that users transfer
to the producers. We aim to describe a “stable point” of such a market.
In particular, we expect two conditions to hold: first, that given prices,
both users and producers have optimized their net utility or profit;
and second, that given their decisions, the use of resources matches the
production of resources (i.e., “the market clears”).

Formally, we have the following definition of a competitive
equilibrium.
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Definition 2.2. A pair of vectors xe = (xe
r, r = 1, . . . ,N), and ye =

(ye
s ,s = 1, . . . ,M), together with prices pe = (pj , j = 1, . . . ,J) constitute

a competitive equilibrium if:

(1) All consumers have optimized utility given prices: for all r,
there holds:

xe
r ∈ argmax

xr≥0
Ur(xr) − p�xr.

(2) All producers have maximized profit given prices: for all s,
there holds:

ye
s ∈ argmax

ys≥0
p�ys − Cs(ys).

(3) The market clears: for all j there holds:∑
r

xe
jr =

∑
s

ye
js.

A critical feature of the definition of competitive equilibrium is that
all players are price taking. In other words, they optimize holding the
prices fixed, and do not forecast that their actions will have any effect on
the prices in the market. We return to this assumption in the discussion
below.

The following theorem summarizes some key properties of compet-
itive equilibria.

Theorem 2.2. Under the assumptions above, there exists at least one
competitive equilibrium (xe,ye,pe). Further, at any competitive equi-
librium the resulting allocation (xe,ye) is efficient. Conversely, given
any efficient allocation (x∗,y∗), there exists a vector of prices p∗ such
that (x∗,y∗,p)∗ is a competitive equilibrium.

Proof. Our proof proceeds by identifying competitive equilibria with
solutions to the problem (2.3)–(2.4).
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Let λ be a vector of Lagrange multipliers for the constraint (2.4);
the Lagrangian for (2.3)–(2.4) is:

L = W (x,y) − λT

(∑
r

xr −
∑

s

ys

)
.

Under our concavity/convexity assumptions, first-order conditions are
necessary and sufficient for optimality. We conclude that (x∗,y∗) is
efficient if and only if there exists a Lagrange multiplier vector λ such
that:

For all r :
∂Ur

∂xjr
(x∗

r) = λj , if x∗
jr > 0, (2.5)

≤ λj , if x∗
jr = 0; (2.6)

For all s :
∂Cs

∂yjs
(y∗

s) = λj , if y∗
js > 0; (2.7)

≤ λj , if y∗
js = 0; (2.8)∑

r

x∗
r =

∑
s

y∗
s . (2.9)

Note that (2.5)–(2.6) ensure that each consumer r has maximized util-
ity given the prices λ; that (2.7)–(2.8) ensure that each firm has maxi-
mized profit given the prices λ; and that (2.9) ensures that the market
clears. In other words, if (x,y) is an efficient allocation, then there exist
prices λ such that (x,y,λ) is a competitive equilibrium. Conversely, if
(x∗,y∗,p∗) is a competitive equilibrium, the same argument establishes
that (x∗,y∗) must be efficient. Existence follows since there exists at
least one efficient allocation (as W is coercive).

The preceding theorem reveals two important facts about com-
petitive equilibria: first, that any competitive equilibrium is efficient;
and second, that given any efficient allocation, there exist prices that
“support” this allocation as a competitive equilibrium outcome. The
first of these observations is a special case of the first fundamental theo-
rem of welfare economics, and the second observation is a special case of
the second fundamental theorem of welfare economics. Taken together,
the welfare theorems are often a justification for why we might expect
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price equilibria in markets to yield efficiency — though it is important
to note that there are many potential sources of inefficiency in markets,
as we will discuss throughout the rest of the monograph.

2.5.2 Example

We conclude with an example demonstrating how price equilibria might
be interpreted in the context of resource allocation in networks.

Example 2.4 (Network resource allocation). Suppose that R

users want to send data across a network consisting of J resources (i.e.,
J links). We uniquely identify a user r with a subset of the resources,
constituting a path. Further, we assume that user r receives a (mon-
etary) value Ur(xr) from sending data at rate xr along her path. We
use the notation “j ∈ r” to denote the fact that resource j lies on the
path of user r. Let fj =

∑
r:j∈r xr denote the total rate on link j. We

assume that link j has a delay function, �j(fj), that denotes the delay
per unit rate felt by each user sending traffic through link j. Our only
assumption is that delay is measured in monetary units, i.e., one unit
of delay equals one monetary unit of utility lost.

Let us view this system as an economy with quasilinear preferences,
by treating each link as a separate producer j, “producing” it’s own
resource — capacity at link j. The key step we take is that we define
the cost function of link j as Cj(fj) = fj�j(fj). Note that this is the
total delay experienced by flows at resource j. Throughout this section,
we assume that �j is convex and strictly increasing, U ′

r(0) = ∞, and Ur

is strictly concave and strictly increasing.
Under our assumptions, a competitive equilibrium (x,f ,µ) exists,

and satisfies the following three conditions:

U ′
r(xr) =

∑
j∈r

µj ;

C ′
j(fj) = �j(fj) + fj�

′
j(fj) = µj ;∑

r:j∈r

xr = fj .
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Further, the resulting rate allocation solves the following optimization
problem:

maximize
∑

r

Ur(xr) −
∑

j

fj�j(fj)

subject to
∑
r:j∈r

xr = fj , for all j; x,f ≥ 0.

Now there are several ways to leverage this formulation. By far the
most common is reverse engineering: we can exploit this price-based
interpretation of network resource allocation as a way to understand
what network protocols are doing. This approach typically involves
viewing network protocols as “optimizing” utility for a flow, given con-
gestion signals (e.g., delay) received from the network.

We conclude the example by observing that the prices, µ, in the
resulting competitive equilibrium are not just the delays at each link.
In particular, the price at link j is the delay �j(fj) plus an additional
term, fj�

′
j(fj). This latter term is sometimes called a Pigovian tax,

after the economist Pigou; it is charged to account for the fact that
additional flow sent by user r through link j not only increases the
delay to user r, but also to all other users of link j as well. We say
that user r imposes a negative externality on the other users at link
j. The Pigovian tax ensures that user r “internalizes” this externality
when she determines her sending rate. (See Chapter 4, and Section 5.2
in particular, for more detail on externalities and Pigovian taxes.)

2.5.3 Discussion

Price taking. As noted above, a critical assumption in the competitive
equilibrium definition is that users and producers are price takers, i.e.,
that they hold prices constant while they optimize. Generally speaking,
such an assumption is reasonable only when users and producers are
“small” relative to the entire market, so that their individual actions
are unlikely to affect prices in the market as a whole. As an example at
the other extreme, suppose that there were only one producer in the
entire marketplace. Then informally, we should expect this producer to
be able to set its own price for the rest of the market, whether directly or
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indirectly (through a choice of production quantity). This is an example
of “market power,” where one or a few participants are large enough
that their actions can directly influence prices in the market place.
In such a setting, the price taking assumption underlying competi-
tive equilibrium breaks down. Most importantly, models that properly
account for strategic behavior in the presence of market power typi-
cally predict a loss of efficiency due to the price-anticipating nature of
dominant users and/or producers. (See Chapter 3 for a more detailed
discussion of such models.) This is an important source of deviations
away from the predictions of the welfare theorems.

Convergence to competitive equilibrium. Competitive equilibrium is
a static concept, and does not describe the process by which markets
form prices over time, i.e., the dynamics of the market. There are several
different lenses through which to view market dynamics. In this remark
we briefly discuss two: a computational view, and a strategic view.

We first consider whether competitive equilibria are easily
computable. This question has proven to be of significant interest in
network resource allocation, where decentralized computation of com-
petitive equilibria has been used to model and provide design guidance
for rate control protocols in networks. There are at least two processes
here that are often studied: quantity adjustment processes (sometimes
called “primal” algorithms) and price adjustment processes (also called
“dual” algorithms, or tâtonnement processes). Under quantity adjust-
ment, end users adjust their flow rates, and resources feed back con-
gestion signals to users as a function of current flows; users then adjust
rates up or down until their marginal utility matches the total route
price. Under price adjustment, end users instantaneously choose rates
so that their marginal utility matches the currently observed route
price; the resources then adjust prices up or down to bring marginal
cost at the resulting flow rates in line with prices. Both algorithms can
be shown to converge to competitive equilibrium, under appropriate
assumptions.

Notice, however, that this dynamic view of markets is somewhat
limited. In particular, it assumes that users and producers react in
a myopic way to current price signals from the market. This view is
potentially useful in designing algorithms (such as congestion control
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protocols); but is less useful in describing actual market dynamics with
strategic actors. In the latter setting, we must also account for the
complex ways in which individuals might reason about future market
dynamics given the present state of the market. Studying such models of
market dynamics remains an active area of investigation, and a detailed
discussion is outside the scope of this text. However, we emphasize that
such dynamics provide yet another example of how real markets can
yield deviations away from the simple, static notion of equilibrium and
efficiency discussed above.

Pigovian taxes: Inefficiency and Braess’ paradox. We conclude the
section with a further discussion of Pigovian taxes. As noted above, in
the network resource allocation example, prices are set so that users
optimize taking into account the harm they inflict on others using the
same resources. It is also worth considering how the market might
behave if prices were more naively set to just the delays at each link,
excluding the Pigovian tax. In this case it is possible to show (using an
argument similar to Theorem 2.2) that a corresponding “equilibrium”
still exists; however, since it is an equilibrium with the “wrong” prices,
the resulting allocation will not be efficient in general. Extensive recent
work has been devoted to studying the extent of this inefficiency.

Even more strikingly, this allocation can behave in unusual ways as
we alter the underlying network. For instance, a famous example known
as Braess’ paradox shows that if prices are set to delays (and do not
include the Pigovian tax) then adding a link to the network can actually
worsen the utility for all users! Although surprising on the surface, the
result begins to be more plausible when one observes that excluding
the Pigovian tax does not ensure that efficient allocations are reached.
When prices exclude the Pigovian tax, the resulting allocations can be
inefficient; and Braess’ paradox shows the additional insight that such
allocations need not even become more efficient when links are added
to the network.

2.6 Information

In all the settings discussed thus far, agents share the same information
about the system they interact with. In particular, in the model of price
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equilibria in the preceding section, agents did not face uncertainty in
any part of their decision process: agents had known utility or cost,
and optimized given a known price. In this section, we show that a lack
of complete information can lead to potential inefficiencies in market
outcomes, depending on the mechanism of trade that is used.

2.6.1 Methodology

We consider a setting motivated by trade in online marketplaces such as
eBay. For simplicity, suppose that one buyer wants to purchase a single
unit of a good (e.g., a rare coin). Suppose this buyer can purchase the
good from a seller, who has one unit of the item for sale. We make
two further assumptions. First, we assume that the good has a value
of v to the seller; in the case of rare coins, for example, this might be
viewed as the intrinsic book value of the coin. Second, we assume that
the buyer values the good somewhat more than the seller, but prefers
goods with higher intrinsic value. We model this by assuming the value
to the buyer of the seller’s good is αv, where α > 1.

Let’s start by considering whether the economy consisting of the
buyer and seller has a competitive equilibrium. Since α > 1, the social
welfare maximizing (and efficient) allocation is to transfer the good to
the buyer: this generates welfare αv, whereas letting the seller keep the
good only generates welfare v. Such an allocation is “supported” by any
price p such that v < p < αv, since at such a price the seller will choose
to sell the good, and the buyer will choose to purchase the good. Thus
any such price together with the allocation of the good to the buyer
constitutes a competitive equilibrium and an efficient outcome.

We now change the model of the preceding paragraph. In particu-
lar, suppose that the seller’s value v is a uniform random variable on
[0,1] — observed by the seller, but unknown to the buyer. The moti-
vation for such a model is clear in markets like eBay: since the seller
holds the good, she typically has a much better understanding of the
value of the good than the buyer. For simplicity, we continue to imag-
ine that the user values the good at a multiple of v, i.e., the value to
the buyer is αv where α > 1. We emphasize that with such a model,
the value is unknown to the buyer; if v were known to the buyer, the
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efficient outcome is exactly the same as before (since α > 1): the good
is transferred to the buyer from the seller.

We now develop a notion of price equilibrium for this model. In
particular, suppose that a price p is set in the market. In this case, the
producer will sell the good if p > v; not sell if p < v; and be indifferent
between selling or not if p = v. It seems reasonable that the buyer should
incorporate this information in making a purchasing decision; this is
typically known as “rational expectations.” In particular, the buyer
should infer that if a purchase can be made a price p, the expected value
to the seller must be E[v|v < p] = p/2, and so the expected value to the
buyer is αp/2. This analysis suggests that if the buyer maximizes net
expected payoff, she will buy if and only if αp/2 − p > 0, i.e., if and
only if α > 2. In particular, we reach the following conclusion: when
1 < α < 2, the buyer will never choose to purchase at any price!

This phenomenon is known as market failure; the particular example
described here is referred to as a “market for lemons,” referring to
the fact that the buyer infers that the goods sold at any given price
are “lemons” — those with low expected values relative to the price.
Despite the fact that it is known in advance that the efficient outcome
involves trade from the seller to the buyer, there does not exist any
price where the buyer would be willing to purchase from the seller.
The buyer reasons that at any given price, the seller would sell only in
those instances where v is low — and therefore the value to the buyer
is also low. In other words, the uncertainty in the value to the buyer
combines with her (correct) forecast that the good will only be sold
when its value is low to lead to market failure. We emphasize that the
main goal of this exercise is to illustrate how an information asymmetry
(in this case, between seller and buyer) can lead to stark inefficiencies
in market outcomes relative to the competitive equilibrium benchmark
of the preceding section.

2.6.2 Discussion

Contracting and completeness of markets. Observe that one reason why
there is market failure in the setting above is that the market structure
is quite rigid. Consider an alternate market procedure, where the buyer
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and seller ex ante (before the value of the good is revealed) agree to a
price for each possible value that might arise; such a process yields a
price functional p(v), as a function of the value of the good that is sold.
(Note that such agreement requires that the buyer be able to validate
the value of the good; for example, the buyer and seller might agree to
an independent appraisal of value.) In this case, it is clear that with
any price functional where v < p(v) < αv for all v ∈ [0,1], the Pareto
optimal outcome is achieved — the seller would choose to sell, and the
buyer would choose to buy.

Why is the price functional different from the single price chosen
above? The reason is that the price functional allows the buyer and
seller to contract over every possible contingency — i.e., every possi-
ble value of v that might arise. By contrast, in the market for lemons,
the buyer must commit to buy or sell without any assurance of what
value of v might arise. In settings with asymmetric information, when
contracting is possible over every contingency, markets are said to be
complete. This example illustrates a general principle that complete-
ness of markets recovers Pareto optimality of price equilibria, even
with asymmetric information. However, the example also illustrates
why completeness is rarely achieved in practice: such a market has
much higher overhead than a simpler market where a single price medi-
ates trade (rather than a price functional). In other words, in reality
markets are typically incomplete.

Adverse selection. The market for lemons exhibits a common feature
of markets with asymmetric information. In particular, consider the
seller’s decision problem at a given price level. Observe that at any
given price level, it is precisely the lowest quality goods that would
be offered for sale by the seller (since this is the only case where it
is worth it for the seller to sell). In other words, the goods that are
offered for sale are adversely selected from the perspective of the buyer.
Adverse selection is a term generally used to refer to the fact that when
individuals make decisions in markets without full information at their
disposal, they may feel regret ex post when the truth is revealed to
them. Since economic models of behavior postulate that individuals
rationally factor in this potential regret, adverse selection risk typically
leads market participants to be more cautious than they would be in
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the presence of full information. In the example in this section, it is
this cautiousness caused by adverse selection risk that leads the buyer
to decline trade entirely when α < 2.

2.7 Endnotes

Many of the topics in this chapter are covered in greater detail in
standard textbooks on microeconomic theory; see, e.g., Mas–Colell
et al. [24] or Varian [39]. Some specific references related to material in
each section follow.

Utility. The notion of elastic and inelastic traffic was introduced by
Shenker [38].

Fairness. In the networking literature, the notion of proportional
fairness was introduced by Kelly [18], while the notion of α-fairness
was introduced by Mo and Walrand [26]. Max-min fairness has a longer
history of use in the networking literature; see, e.g., Chapter 6 of
Bertsekas and Gallager [5].

Price equilibria. The reader should consult Chapters 15–18 of the
textbook by Mas-Colell et al. [24] for more details on price equilib-
ria, including price equilibria in environments that are not quasilinear
(known as general equilibrium).

In the networking literature, Kelly [18] and Kelly et al. [19] initi-
ated the study of network resource allocation via price equilibria; the
second of these papers focuses on dynamic processes for convergence to
equilibrium. See also the work of Low and Lapsley [22] and the survey
by Shakkottai and Srikant [37].

See Roughgarden and Tardos [36] for a discussion of inefficiency in
routing problems; the interested reader may also wish to see Pigou’s
early work [35].

Information. The market for lemons presented in the text is a
slight variation of the work in Akerlof’s celebrated paper [1]. See also
Chapter 19 in the textbook by Mas-Colell et al. [24] for further discus-
sion on price equilibria in markets with incomplete information.
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Equilibria

In the previous chapter we argued that in many cases a fair and effi-
cient allocation of resources can be obtained when agents individually
maximize their own net benefit given an appropriate set of resource
prices. A key assumption in this story is that agents are price takers,
i.e., they do not account for any effect their actions have on an under-
lying price setting process. Price taking agents can then be viewed as
if each is solving an optimization problem in isolation.

In some settings, this may be a questionable assumption. If an agent
knows that its behavior will change the price, then why should it not
account for this effect? Relaxing the price taking assumption requires
an agent to consider not only her own action, but the actions of all
other agents, since prices are determined by the joint behavior of all
agents. The corresponding optimization problems faced by each agent
then become interdependent. Modeling such situations falls into the
purview of game theory, which we begin discussing in this chapter.

Game theory provides a well established framework for modeling
the interactions of multiple decision makers. Indeed, as we indicated
in Chapter 1, this framework underlies much of modern economic the-
ory. We begin in Section 3.1 by introducing a basic model for a static
game. Next, we turn to discussing various approaches for “solving” a

200
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game, beginning with the concept of dominant strategies in Section 3.2.
We introduce the celebrated notion of Nash equilibrium in Section 3.3.
Our initial discussion focuses on games in which agents choose a single
deterministic action; in Section 3.4, we discuss the role of randomiza-
tion in games and mixed strategy equilibria. In Section 3.6, we discuss
dynamics in games through the model of repeated games. Finally, in
Section 3.5, we highlight the role of information, and discuss the frame-
work of Bayesian games as a way of modeling games with incomplete
information.

3.1 Static Games

In game theory a “game” refers to any situation in which multiple
agents or players interact. A model of a game specifies how they interact
(e.g., what are their possible actions, when can they act, etc.), and also
specifies how they value the outcomes of this interaction. In this section
we discuss a basic class of such models, called static or one-shot games,
in which the players interact once and simultaneously make a decision.
Though this is clearly an over simplified model of many situations, it
can still provide much insight into how agents may interact, and forms
the basis for many generalizations that allow for richer interactions.

3.1.1 Methodology

Formally, a static game is defined as follows1:

Definition 3.1. A static game G is a 3-tuple (R,{Sr}r∈R,{Πr}r∈R)
where:

(1) R is a finite set of players;
(2) for all r ∈ R, Sr is the strategy set of player r; and
(3) for all r ∈ R, Πr :

∏R
s=1 Ss �→ R is the payoff function of

user r.

1 More precisely, this is a strategic or normal form description of a game. An alternative
description, called the extensive form is useful to model more general classes of games,
and in particular to capture dynamic behavior in a game.
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In this definition, each player or agent r ∈ R is an individual decision
maker who must choose an an action sr from a set of possible actions
given by their strategy set Sr. An outcome s of the game is a choice
of action for each agent r ∈ R. The payoff function Πr models agent
r’s preferences over outcomes and can be viewed as a utility function
as discussed in the previous section. Agent r’s goal is to maximize her
payoff Πr(s) = Π(sr,s−r), where s−r denotes the set of actions of all
players other than r. This notation emphasizes the fact that a player’s
payoff depends on both her own action (sr) and the actions of all of the
other players (s−r). We also denote the set of all possible actions for
these players by S−r, and let S =

∏R
s=1 Ss denote the set of all possible

joint action profiles across all players. We sometimes also refer to a
particular choice of s ∈ S as an outcome of the game.

3.1.2 Examples

We next give two examples of static games.

Example 3.1 (Peering). Consider an interconnection, or peering,
game between two Internet service providers (ISPs). Suppose that two
providers 1 and 2 have agreed to connect to each other in New York
and San Francisco (see Figure 3.1). Suppose that 1 MB of traffic is orig-
inating with a customer of ISP 1 in Chicago, destined for a customer
of ISP 2 in San Francisco; and similarly, 1 MB of traffic is originating

Fig. 3.1 The peering game in Example 3.1.



3.1 Static Games 203

with a customer of ISP 2 in Los Angeles, destined for a customer of
ISP 1 in New York.

We assume that routing costs to the ISPs are proportional to dis-
tance traveled; in particular, assume each unit of traffic that traverses
a short link (resp., long link) incurs a cost of 1 unit (resp., 2 units).
Each ISP can choose to send traffic to the other ISP across one of two
peering points: San Francisco and New York. Note that New York is
the nearer exit for ISP 1, and San Francisco is the nearer exit for ISP 2;
we use “near” and “far” to denote the actions of routing to the nearest
and furthest peering points, respectively. We can model this as a static
game in which the two ISPs are the players (R = {1,2}), each with a
strategy set given by Sr = {near, far}. The payoffs for each agent can
be represented as the follows:

ISP 2
near far

near (-4,-4) (-1,-5)

ISP 1
far (-5,-1) (-2,-2)

In this matrix, (x,y) means that the payoff x is obtained by ISP 1,
and the payoff y is obtained by ISP 2, when the corresponding action
pair is played. Thus, for example, when ISP 1 routes to the nearest
exit, while ISP 2 routes to the furthest exit, then ISP 1 incurs a cost
of only 1 unit, while ISP 2 incurs a cost of 2 units (to route its own
traffic to New York) plus 3 units (to reroute the incoming traffic from
ISP 1 from New York to San Francisco).

Example 3.2(Allocation of a congestible resource). In the peer-
ing game each player’s strategy space is finite and so we can represent
the payoffs of each player using a matrix. Now we give an example
of a game in which the strategy spaces are infinite sets. This example
involves sharing a single resource among R users. In this game, each
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user is a player and their action is the quantity of resource they con-
sume xr (e.g., their rate). To model the payoffs, as in Example 2.4, we
assume that each user derives a utility Ur(xr) from the resource it is
allocated, and that the resource is congestible so that as the total usage
increases, each user experiences a disutility per unit resource given by
�(y), where � is a convex and strictly increasing function of the total
allocation y =

∑
r xr. With these assumptions, the payoff to user r is:

Πr(xr,x−r) = Ur(xr) − xr�

(∑
s

xs

)
. (3.1)

Note that a user’s payoff depends implicitly on the transmission rate
decisions of all other players, through the common congestion function.

If we assume that players can choose any nonnegative allocation,
the strategy space of each user r is Sr = [0,∞). It may be reasonable
to constrain this further for a given user, in which case the strategy
space is accordingly modified. This reveals an important distinction
between the strategy space and the payoff function: joint effects of
actions are reflected in the payoff function (e.g., congestion); individ-
ual constraints on actions are reflected in the strategy space (e.g., an
individual resource constraint).

3.1.3 Discussion

Non-atomic games. In the preceding basic model of a static game,
the set of players is a finite set. At times it can be useful to relax
this assumption and consider games with a continuum of players. Such
models are referred to as non-atomic games and are a straightforward
generalization of the models considered here: nonatomic games can be
viewed as limiting models of finite games as the number of players
increase. Often in such limits, the impact of any one agent on the other
agents becomes negligible, though the impact of a mass of agents can
still be significant. For example, this can capture the notion that under
some pricing mechanisms, as the number of users increases, each user
effectively becomes a price taker.

Simultaneity. One way to think about a static game is that it is
modeling a situation in which the players simultaneously choose their
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actions, without knowledge of the choice made by any other player.
After all players have chosen their actions, they each receive the cor-
responding payoff. In principle, the choice of actions need not be truly
simultaneous; it must simply be the case that each agent chooses their
action before finding out about the choice of any other.

Rationality and selfishness. A standard assumption in game theory
is that each player behaves rationally; that is, each player chooses her
actions individually to maximize her own payoff. (See also the dis-
cussion in Section 2.1.) To emphasize this point, this type of model
is sometimes referred to as a non-cooperative game and the agents
are referred to as being “selfish.” However, this terminology should
not be taken to mean that agents in a game will never cooperate and
must be directly competing with each other. It simply means that any
cooperation emerges as a result of their individual decisions; whether
this happens or not depends on the payoffs assigned to the play-
ers. In particular, the literature sometimes confusingly distinguishes
between “selfish” players, “altruistic” players (who seek only to help
other players), and “malicious” or “adversarial” players (who seek only
to hurt other players). To a game theorist, all such players are ratio-
nal payoff optimizers — the difference is in the form of each player’s
payoff.

Dynamics. The model as we have defined it appears to preclude
dynamic models of games, where agents take decisions over time. Some
simple dynamics can be captured even within this model. For example,
consider a variation of the peering game in Example 3.1, where the
two ISPs make decision about where to route traffic on each day for a
week and receive a payoff that is the sum of their daily payoffs. Though
they interact over a week, this can still be modeled as a static game,
provided that the two ISPs commit to a routing choice for the entire
week before seeing the choice of the other player.

More generally, however, it seems reasonable to allow each ISP to
observe the other ISP’s routing choice on the previous day. In this case,
an ISP should rationally optimize taking this information into account
on the current day. Such considerations are not captured in a static
game model, and are instead covered by generalizations of this model
referred to as repeated games. See Section 3.6 for details.
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3.2 Dominant Strategies

For a game theoretic model to be useful, one needs to be able to make
predictions about the outcome of the game. In game theory such pre-
dictions are based on different solution concepts that specify properties
an outcome of the game must satisfy. One of the simplest solution con-
cepts is that of a dominant strategy, which we discuss here.

3.2.1 Methodology

In a game, player r is said to have a strict dominant strategy s∗
r if she

prefers that action regardless of the choice of the other players, i.e.,
there holds:

Πr(s∗
r ,s−r) > Πr(sr,s−r) for all sr ∈ Sr, s−r ∈ S−r. (3.2)

If the strict inequality in (3.2) is replaced with a weak inequality, then
the corresponding strategy is referred to as a weak dominant strategy
for player r. If dominant strategies exist for every player in a game
then such a choice of strategies by each player is said to be a dominant
strategy equilibrium.

3.2.2 Example

The following example illustrates a dominant strategy equilibrium for
the peering game in Example 3.1.

Example 3.3 (Peering (continued)). Observe that in the peering
game regardless of the action taken by the other ISP, each ISP is
always strictly better off choosing the nearest exit, i.e., the nearest
exist is a dominant strategy. Note however, when both ISPs follow that
approach, they leave themselves with payoffs uniformly worse than
those obtained if both had chosen the further exit. (Classically, this
result is a particular instance of the “prisoner’s dilemma.”; see the
endnotes for references.)

Although simplified, this model captures a common phenomenon in
modern interdomain routing: the hot potato effect where all providers
try to ensure traffic leaves their networks as quickly as possible. This



3.2 Dominant Strategies 207

simple model shows that this is a natural equilibrium consequence of
a cost minimization on the part of the providers, even though it may
lead to highly inefficient outcomes.

3.2.3 Discussion

Nonexistence. If a game has a dominant strategy equilibrium, then this
is a natural prediction for the outcome of a game. In particular, for
such an equilibrium to arise, it only requires that agents are rational
(i.e., they seek to optimize their payoffs), and that they know their own
strategy set and payoff function. They do not need to know the other
agents’ actions, or even other agents’ payoff functions. Thus, aside from
the issues of rationality discussed in the previous section, the dominant
strategy equilibrium is a compelling solution concept.

However, there is one significant issue with dominant strategies:
they may not exist. The definition of a dominant strategy is quite
strong, because it requires a single action to be optimal over all possi-
ble profiles of others’ actions. It is not surprising, therefore, that most
games don’t possess dominant strategy equilibria. For example, for
most reasonable choices of utilities and latency functions, the resource
sharing game in Example 3.2 does not have dominant strategies.

Dominated strategies. Even if a game does not have a dominant
strategy equilibrium, one can still use the notion of dominance to
remove some strategies from consideration. For example if a player r is
always strictly better off choosing action sr over action s′

r, regardless
of the choices of the other players, then player r will rationally never
choose s′

r. In this case, we say that s′
r is strictly dominated by sr. Tak-

ing this a bit further, it would seem reasonable for other players to also
assume that r would never choose s′

r, i.e., this action could be elim-
inated from the game. Once all dominated actions are removed, the
new game might have a dominant strategy equilibrium, even though
the original did not.

Note, however, that justifying this equilibrium requires more of the
agents than just rationality. Specifically, they need knowledge of the
payoffs of the other users as well as knowledge of the rationality of
the other agents; the reasonableness of such assumptions depend highly
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on the setting one is considering. For example, one common motiva-
tion for applying game theoretic modeling to networking is that one is
interested in a setting in which a centralized solution is not feasible due
to the lack of knowledge of every player’s payoffs at a centralized con-
troller. Assuming each player to have this knowledge themselves seems
difficult to justify.

Iterated elimination of dominated strategies. In applying dominance,
one does not need to stop with one round of elimination. For exam-
ple, suppose that we first eliminate a strictly dominated strategy s′

r

of agent r. Suppose also that in the resulting game, a strategy s′
q of

another agent q becomes strictly dominated. Following the same logic
as before, it would appear reasonable to also eliminate s′

q from consid-
eration. Repeating this process until no dominated strategies remain is
known as iterated elimination of strictly dominated strategies.

Note, however, for agent r to believe player q would never play s′
q,

agent r must first know that q believes r would never play s′
r. This

requires one more “level” of knowledge on the part of agent r, i.e., r

needs to know that q knows of r’s payoffs and rationality. Repeated
indefinitely, we obtain the notion of common knowledge: informally, a
fact is common knowledge if all expressions of the form “r knows that q

knows that t knows that . . . knows the fact” are true. A crucial element
of game theory is that it is common knowledge that all players are
rational; it is this assumption that is typically used to justify iterated
elimination of strictly dominated strategies. (Note that this process
also requires the structure of the game to be common knowledge.) We
note that this is not a benign assumption, and has some surprising
consequences; see the endnotes for details.

If the iterated elimination process concludes with a unique strategy
remaining for each player, then this can be used as a solution to the
game. Each round of elimination yields a “stronger” solution concept
that enlarges the set of games we can meaningfully “solve.” However,
justifying each round of elimination requires one more level of knowl-
edge on the part of the agents. Even with this assumption and allowing
for an arbitrary number of rounds of elimination, many games of inter-
est still do not yield solutions. Nash equilibrium, discussed next, gives
us a solution concept that is more broadly applicable.
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3.3 Nash Equilibria

By far the most common solution concept used in game theory is the
notion of a Nash equilibrium. One reason for this is that Nash equilibria
exist for many games of interest, though they need not exist for all
games or be unique. Loosely, a Nash equilibrium represents a “stable”
profile of actions across the users, in the sense that no one user ever
can improve her payoff by deviating from a Nash equilibrium action,
provided that all other users keep their equilibrium actions fixed.

3.3.1 Methodology

Given a game G, if player r knew that the other players were choosing
actions s−r ∈ S−r, then to maximize her payoff, she should choose an
action from the set

Br(s−r) = arg max
sr∈Sr

Πr(sr,s−r). (3.3)

The set-valued function Br is referred to as player r’s best-response
correspondence2; any element of the set Br(s−r) is called a best response
of player r to the other player’s actions. A Nash equilibrium is defined
in terms of these correspondences as follows.

Definition 3.2. An outcome se is a Nash equilibrium of a game if and
only if se

r ∈ Br(se−r) for all r.

Thus at a Nash equilibrium, each player’s action is a best response
to the other players’ actions. Clearly, if each player r has a (weak or
strict) dominant strategy, it will be a best response to any s−r. Hence, a
dominant strategy equilibrium is also a Nash equilibrium. However, in
general, for player r to select an action sr in a Nash equilibrium, it need
not be dominant; it only needs to be a best response to the particular
choice of actions selected by the other players in the equilibrium.

Not all games have a Nash equilibrium, while others may have
multiple Nash equilibria. Establishing the existence of a Nash equilib-
rium and characterizing its uniqueness is then a basic question. (It is

2 A correspondence is simply another name for a set-valued function.
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a well known fact that existence of Nash equilibria can typically be
guaranteed if players are allowed to randomize over available actions;
however, we defer discussion of this point to Section 3.4 on mixed
strategies.)

Broadly, there are two approaches to proving existence of Nash equi-
libria in general. The first approach relies on the fact that a Nash equi-
librium is a fixed point of the best response correspondence, and thus
certain fixed point theorems can be used to establish existence. The
second approach is constructive, and depends on specific structure in
the game that can be exploited to verify an equilibrium exists. To illus-
trate these approaches we discuss concave games (an example of the
first type) and potential games (an example of the second type).

We start with concave games, which are defined in terms of convex-
ity properties of the payoffs and strategy spaces.

Definition 3.3. A strategic form game (R,{Sr}r∈R,{Πr}r∈R) is a con-
cave game if for each player r ∈ R:

(1) Sr is a nonempty compact, convex subset of R
n (for some n);

(2) Πr(sr,s−r) is continuous in s for all feasible s−r; and
(3) Πr(sr,s−r) is a concave function of sr for all feasible s−r.

Theorem 3.1. Every concave game has at least one Nash equilibrium.

Proof. We only sketch the proof here. It relies on characterizing Nash
equilibria in terms of the joint best-response correspondence given by
B(s) =

∏
r Br(s), which maps an outcome s into the Cartesian product

of the individual best responses to this outcome. An outcome se is a
Nash equilibrium if and only if it is a fixed point of B, i.e., if se ∈
B(se). Kakutani’s fixed point theorem gives conditions for a set-valued
function to have such a fixed point. For a concave game, it can be shown
that B satisfies the conditions of this theorem.

Theorem 3.1 can also be generalized to the class of quasi-concave
games. These are defined as in Definition 3.3, except the third condition
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is replaced by specifying that Πr(sr,s−r) be a quasi-concave function
of sr for all feasible s−r.

Potential games are a second class of games where Nash equilibrium
existence can be guaranteed. This class is not defined in terms of con-
vexity properties, but instead relies on the payoffs of each player being
“aligned” toward a common objective.

Definition 3.4. A strategic game G = (R,{Sr}r∈R,{Πr}r∈R) is a
potential game if there exists a function P : S �→ R such that for all
r ∈ R, for all s−r ∈ S−r and all sr, tr ∈ Sr,

Πr(sr,s−r) − Πr(tr,s−r) = P (sr,s−r) − P (tr,s−r).

(This class of games is sometimes called an exact potential game
to distinguish it from other notions of potentials that have also been
studied.)

The function P in this definition is called a potential function for G.
This definition implies that if G is a potential game, then the change
in the payoff each agent r sees from any unilateral deviation from the
profile (sr,s−r) is exactly the same as the change that agent would see
if her payoff was replaced by the common potential function.

Potential functions allow a direct, constructive argument to estab-
lish existence of Nash equilibria. In particular, if a strategy profile s ∈ S

maximizes P (s) over S, then the maximizing profile must be a Nash
equilibrium of G: if it were not, an agent could improve her payoff and
thus also increase the value of P . This is summarized in the following
theorem.

Theorem 3.2. If G is a potential game with potential P and P attains
a maximum over S, then G has a Nash equilibrium.

For example, this theorem applies to any game with finite strategy
sets, or to any game where P is continuous and S is compact. In general,
the converse of the preceding result is not true, i.e., a potential game
may have a Nash equilibrium that is not a maximum of P . However, if P

is continuously differentiable and S is compact, all Nash equilibria are



212 Equilibria

stationary points of P (i.e., the first order conditions for maximization
of P over S are satisfied). In this case studying the Nash equilibria of
G reduces to simply studying the optimization problem maxs∈S P (s).
It follows that if in addition P is strictly concave over S, then G will
have a unique Nash equilibrium.

3.3.2 Examples

Next we illustrate existence of Nash equilibria for two variations of the
resource allocation game in Example 3.2, corresponding to a concave
game and a potential game, respectively.

Example 3.4 (Allocation of a congestible resource as a con-
cave game). Consider the resource allocation game of Example 3.2.
Assume that each player r’s utility function Ur is concave, continuously
differentiable, and strictly increasing. Further, assume that the function
� is convex, continuously differentiable, and strictly increasing. Then it
is easily verified that each player’s payoff (3.1) is a concave function of
the player’s own action, and continuous in all the other players’ actions.
Further, since Ur(xr) can grow at most linearly in xr, while xr�(

∑
s xs)

grows at least quadratically in xr, it follows that we can place an upper
bound M on the maximum possible rate that any user would wish to
send; this ensures the strategy space of each user is the compact, con-
vex subset [0,M ]. (We can choose M as a rate such that if xr ≥ M ,
then player r’s payoff is negative regardless of the rates chosen by other
users.) Thus, this is a concave game and by Theorem 3.1, it has at least
one Nash equilibrium.

Note that since the game is concave, first-order conditions suffice to
establish optimality of a best response for a user. In particular, if the
other users are sending at rates x−r, then the first-order conditions for
optimality for user r are:

U ′
r(xr) − �

(∑
s

xs

)
− xr�

′
(∑

s

xs

)
= 0,

if xr > 0, and U ′
r(0) ≤ �(

∑
s xs) if xr = 0. It is straightforward to show

that under our assumptions on Ur and �, these equations have a unique
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joint solution; we leave the details as an exercise for the reader. Thus
in this setting, there exists a unique Nash equilibrium.

Example 3.5 (Allocation of a congestible resource as a poten-
tial game). As a second example consider a variation in the resource
allocation game of Example 3.2 in which the latency function �(y)
models the total latency cost imposed on a user (instead of a cost
per unit resource). In this case each user’s payoff becomes

Πr(xr,x−r) = Ur(xr) − �

(∑
s

xs

)
. (3.4)

It is then straightforward to show that the following function is a poten-
tial for the resulting game:

P (x) =
∑

r

Ur(xr) − �

(∑
s

xs

)
. (3.5)

It follows from Theorem 3.2 that this game has at least one Nash equi-
librium (provided that P (x) is a continuous function).

3.3.3 Discussion

As noted in the previous section, obtaining a solution concept that
applies to a larger class of games requires more work to justify. Justify-
ing a dominant strategy equilibrium requires only rationality. Justifying
iterated elimination of dominated strategies requires common knowl-
edge that all players are rational (i.e., payoff maximizers).

In general, justifying a Nash equilibrium requires more than this.
An agent’s action in a Nash equilibria is a rational response to the
equilibrium profile of the other users, but why should the other agents’
choose this particular profile? Moreover, how does the agent in ques-
tion know other agents will choose this profile? Justification can be
especially troublesome if there are multiple possible Nash equilibria.

There are several possible ways a Nash equilibrium is justified,
depending in part on how game theory is being applied. A useful
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dichotomy is given by the “semantic” and “economic” approaches dis-
cussed in the Introduction. When a semantic approach is taken, the
reason for applying a given solution concept is often simply that the
concept reflects the behavior of the underlying protocol or algorithm.
On the other hand, when an economic approach to game theory is
taken, the motivation for a given solution concept becomes more chal-
lenging, since the solution concept is being used to predict the behavior
of rational players with their own incentives.

In this section we provide some discussion of possible justifications
for Nash equilibrium.

Nash equilibrium as a self-enforcing outcome. Our first interpreta-
tion is based on considering a “one-shot” game in which the players
meet and play the game in question exactly once. In this context, what
might lead players to play a Nash equilibrium? At the very least, Nash
equilibrium also requires that rationality of the players and the struc-
ture of the game are common knowledge. However, as noted above,
Nash equilibrium requires some additional justification. One common
approach is to assume a non-binding agreement on the player’s actions
before playing the game. In a communication networking setting, such
an agreement could be in the form of a non-binding standard that the
agents agree to follow. If the players agreed on a Nash equilibrium,
then this agreement would be self-enforcing and so no player would
have an incentive to break it (e.g., use devices or protocols that are not
compliant with the agreed standard).

Nash equilibrium as the outcome of long-run learning. An alterna-
tive interpretation of a Nash equilibrium is to assume that the game is
actually modeling a situation in which each player plays the same game
many times, and “learns” how to play over the long run. Over time,
each player is assumed to be able to experiment with different actions
to try to improve her payoff in the game. If such a process reaches a
“steady-state” (where no player wants to change, given what others are
playing), this will necessarily be a Nash equilibrium. With this interpre-
tation, a player need not have full information about the other players’
payoffs or make assumptions about their rationality, but may learn
enough by repeatedly playing the game to reach a Nash equilibrium.
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We have been somewhat vague about exactly what learning process
a player uses. Indeed, the interaction between equilibrium concepts
and the dynamics which lead to them has become a fruitful area of
research in game theory in the recent past. As one example, we discuss
a particular learning dynamic referred to as simultaneous best response
dynamics (also known as best reply dynamics or myopic best response
dynamics).

Consider a strategic game G = (R,{Sr}r∈R,{Πr}r∈R) which the R

players repeatedly play in a sequence of rounds. We assume that ini-
tially, each player r only knows her own payoff Πr and her own strategy
set Sr. Let s

(n)
r denote the action of player r in the nth round. After

a given round n each player r observes the actions of the other play-
ers s

(n)
−r and her own payoff Πr(s

(n)
r ,s

(n)
−r ). Under a simultaneous best

response dynamic, each player r then updates her strategy for round
n + 1 as follows:

s(n+1)
r = Br(s

(n)
−r ),

i.e., each player’s action in round n + 1 is a best response to her oppo-
nents action in round n. (If an agent has multiple best responses, then
it is also useful to add the restriction that it will not change its response
unless it improves its payoff.) Here, we assumed that all player’s choose
their best reply in each round. A related dynamic is to assume sequen-
tial best responses under which in a given round exactly one player
updates; the ordering of the players can be arbitrary with the restric-
tion that every player updates within some finite time.

Clearly if either of these best response dynamics converge, then the
limit point must be a Nash equilibrium. Unfortunately, these dynamics
are not guaranteed to converge in all games for which a Nash equi-
librium exists. Showing convergence can either be done directly (e.g.,
by using contraction mapping arguments) or by appealing to various
results in the literature which identify classes of games for which these
dynamics are known to converge. For example, sequential best response
dynamics must converge in a potential game with finite strategy sets,
since at each round the potential function must be increasing and it
only takes on a finite number of values.
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In addition to best response dynamics, there are many other learn-
ing dynamics that have been studied for games. However, a potential
weakness with such an approach is that it does not provide a convinc-
ing story as to why agents would all choose a given learning rule. For
example, if two agents are playing a game repeatedly, then an agent
may have an incentive to deviate from the learning rule in a given round
to “fool” her opponent and receive a larger payoff later. Indeed, if we
account for the fact that players should both track the history of the
game and forecast how they expect their opponents to behave, then
we are in the realm of dynamic games; or more precisely, a subclass of
dynamic games known as repeated games (see Section 3.6).

One way to preclude such strategizing from round to round is
assume that in each round a player faces a different set of opponents
drawn from a large population. In such a setting, best response updates
do not make sense, but other learning dynamics can be applied and
shown to converge to a Nash equilibrium (or closely related concepts)
for certain classes of games. Of course assuming a large population of
potential opponents does not make sense for every application, but in
cases where users interact as part of a large network (e.g., the Internet)
such an approach may have merit.

Nash equilibrium as an engineering goal. Dynamic adjustment pro-
cesses are often at the heart of the semantic approach to applying game
theory to networks. In particular, in protocol design settings where a
Nash equilibrium is actually the desired “stable point” of the system,
one can interpret the learning rule as part of the protocol description.
When applied to the design of new protocols, the question then becomes
how to design an agent’s payoffs and the corresponding learning rule
so that it converges to a desirable equilibrium. In this context, many
of the objections regarding justification of Nash equilibrium go away;
in particular, in this setting it is typically assumed there is no risk
that agents (e.g., devices, software processes) will “deviate” from the
prescribed learning protocol.

3.4 Mixed Strategies

So far we have assumed that each agent in a game deterministi-
cally chooses exactly one action from her strategy set. Such a choice
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is referred to as a pure strategy. At times, it is advantageous to
allow agents to instead randomize their decision, resulting in what
is called a mixed strategy. In particular, allowing mixed strategies
ensures that (under weak conditions) a game possesses at least one
Nash equilibrium.

3.4.1 Methodology

Mixed strategies are formally defined as follows.

Definition 3.5. A mixed strategy for player r with strategy set Sr is
a probability distribution σr on Sr.

For the case where Sr is finite, then for any action sr ∈ Sr, σr(sr)
can be interpreted as the probability that player r plays action sr.

Let ∆(Sr) be the set of all probability distributions over Sr. If
agents in a game G = (R,{Sr}r∈R,{Πr}r∈R) can play mixed strate-
gies, then they can be viewed as choosing pure strategies in the game
G′ = (R,{∆(Sr)}r∈R,{Π̃r}r∈R), which is referred to as the mixed exten-
sion of G. Here the payoffs Π̃r in the mixed extension are interpreted as
expectations over the joint distribution on actions induced by the mixed
strategy profile. A mixed Nash equilibrium of a game is then defined to
be a Nash equilibrium of the mixed extension.

Consider the special case where Sr is a finite set for each player r.
Note that in this case, the mixed extension is a game where the strategy
spaces are compact and convex. The payoff of each player r is given by

Π̃r(σr,σ−r) =
∑
s∈S

Πr(s)
∏
q∈R

σq(sq), (3.6)

which is continuous in the entire strategy vector, and concave (in fact,
linear) in a player’s own strategy. As a result, the mixed extension is a
concave game; and so a Nash equilibrium exists, by Theorem 3.1. Thus
we have the following theorem.

Theorem 3.3. Suppose that G = (R,{Sr}r∈R,{Πr}r∈R) is a game
where each Sr is a finite set. Then there exists a mixed Nash equi-
librium of this game.
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This result is one of the most celebrated insights in game theory,
due to John Nash (hence the term Nash equilibrium).

When each player has a finite strategy set, the payoff in (3.6)
satisfies

Π̃r(σr,σ−r) =
∑

sr∈Sr

σr(sr)Π̃r(δ(sr),σ−r),

where δ(sr) indicates the (degenerate) mixed strategy which selects sr

with probability one (i.e., the pure strategy sr). It follows that in a
mixed Nash equilibrium, player r must assign positive probability only
to strategies that are a best response to σ−r, and thus player r will be
indifferent between each of these strategies. It can be shown that this is
also a sufficient condition for a strategy profile to be a Nash equilibrium.
This provides a useful approach for calculating mixed equilibria, which
we summarize in the following lemma.

Lemma 3.4. Suppose that G = (R,{Sr}r∈R,{Πr}r∈R) is a game where
each Sr is a finite set. Then σ is a mixed Nash equilibrium if and only
if for every r ∈ R, σr assigns positive probability only to pure strategies
that are best responses to σ−r.

3.4.2 Example

The next example illustrates how randomized strategies might arise in
the context of accessing a shared medium.

Example 3.6 (Random access game). Suppose that R nodes are
accessing a shared medium, such as a wireless channel. Consider a game
in which each node has two pure strategies: transmit (denoted T ) and
not transmit (denoted NT ). Each transmission incurs a “cost” of −c.
If a node transmits and no other node does so, the transmission is
successful, and the node receives a payoff of 1 − c; otherwise, if at least
one other node transmits at the same time, a collision occurs and the
payoff is −c. Finally, if a node does not transmit, the payoff is zero.

It can be seen that this game has R pure strategy Nash equilibria,
each corresponding to one node transmitting and all other nodes not
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transmitting. Such equilibria clearly favor the user who is transmitting,
and furthermore, do not provide an adequate explanation of how the
agents select among these equilibria. By turning to mixed strategies,
we can uncover an equilibrium that is symmetric among the players.

In particular, this game has a symmetric mixed strategy equilib-
rium in which each agent transmits independently with probability p

(i.e., σr(T ) = p and σr(NT ) = 1 − p for all r); in other words, each
node uses a random access protocol. From Lemma 3.4, it follows that
a necessary and sufficient condition for such an equilibrium to exist is
that

(1 − c)(1 − p)R−1 − c(1 − (1 − p)R−1) = 0.

Solving for p yields p = 1 − c
1

R−1 . (Note that if c = (1 − 1/R)R−1, then
p = 1/R, which maximizes the total throughput of the players among
all symmetric strategies.)

3.4.3 Discussion

Interpreting randomization. A mixed Nash equilibrium essentially
implies that players use randomization as a fundamental part of their
strategy. As with the definition of Nash equilibrium itself, a variety of
justifications are possible for the use of randomization. In particular,
in the context of an engineering system, it is often natural to introduce
randomization. Indeed, randomization is part of many common net-
working protocols, e.g., in a random access protocol as in the previous
example.

However, when modeling economic agents (e.g., people, firms), inter-
preting such randomization is a subject of debate. For example, behav-
ioral studies have shown that people rarely randomize. Moreover if
agents meet and play a game once, any randomization on their parts
is never observed. Finally, in a mixed strategy equilibrium, players are
indifferent over the actions they assign positive probabilities to. Why
should they assign these probabilities in a way that satisfies the equi-
librium conditions?

Instead of assuming that agents internally randomize when deciding
on their action, several alternative justifications for this concept have
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also been developed. One of these, known as a purification approach, is
to view any randomization as a modeling tool that arises due to small
imperfections in our model of the “true game.” (See the endnotes for
details.) An alternative justification is to consider a setting with a large
number of potential agents who may play the game. Each agent has
a pure strategy; the randomization reflects the distribution of strate-
gies across the population. (Of course, the latter explanation still begs
the question of how this distribution arose in the first place.) As with
other elements of game theory, justifying mixed strategies is more chal-
lenging in economic applications than in semantic applications of the
theory.

3.5 Bayesian Games

In game theory, complete information refers to any setting where the
structure and rules of the game, the payoff functions of the players, and
the rationality of all players, are all common knowledge. All the models
we have studied thus far fall in this class. This is a strong assumption
in many cases and it may often be more reasonable to assume that
agents only have partial information about the game. For example,
when multiple agents are competing for a common resource, an agent
may know its own value of the resource, but not have exact knowledge
of the other agents’ valuations.

Bayesian games or games with incomplete information provide a
framework for modeling such situations. Incomplete information refers
to a setting where some element of the structure of the game —
typically the payoffs of other players — are not common knowledge.
A significant challenge then arises: how should agents reason about each
other? The economist John Harsanyi had a key insight in addressing
this issue: uncertainty can be modeled by introducing a set of possible
“types” for each player, which in turn influence the players’ payoffs.
Players know their own type, but only have a probabilistic belief about
the types of the other players. In this way, players can reason about
the game through a structured model of their uncertainty about other
players.
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3.5.1 Methodology

Formally, a Bayesian game is defined as follows.

Definition 3.6. A static Bayesian game G is a 5-tuple
(R,{Sr}r∈R,{Θr}r∈R,F,{Πr}r∈R) where:

(1) R is a finite set of players;
(2) for all r ∈ R, Sr is the strategy set of player r;
(3) for all r ∈ R, Θr is the type set of player r;
(4) F :

∏R
r=1 Θr �→ [0,1] is a joint probability distribution over

the type space; and
(5) for all r ∈ R, Πr :

∏R
s=1 Ss ×∏R

s=1 Θs �→ R is the payoff func-
tion of user r.

The set of players, their strategy sets, and the payoffs have the same
interpretation here as in a static game with complete information. The
new ingredients here are the type set for each player r and the proba-
bility distribution F over the type space Θ =

∏R
r=1 Θr. This probability

distribution is sometimes referred to as a common prior.
An alternative way of defining Bayesian games is by introducing a

set of “states of the world,” Ω. One such state is chosen randomly by
“nature” and the players’ types are given by functions that map the
state of the world to their type. A player’s payoff then depends on the
chosen state and the action profile. In this setting, the distribution of
nature’s decision is the common prior.

In a Bayesian game, all players observe their own type, but do not
observe others’ types. However, using the prior they can formulate a
conditional distribution over other players’ types, given their own pri-
vately observed type. One can view the game as if “nature” first draws
a profile of types according to the common prior and reveals to each
player her own type θr ∈ Θr, but not the type chosen for any other
player. Each player’s payoff is also now parameterized by the chosen
type profile as well as by the action chosen for each player r.

How should players reason about such a game? For a player to deter-
mine her own payoff, she needs to know how other players will behave;
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and to determine how other players will behave, she needs a model
of their strategic choices for every type realization that has nonzero
probability of occurring. As a consequence, a strategy for player r in
a Bayesian game is actually a function ar : Θr �→ Sr, which specifies
the action chosen for each possible type. Mixed strategies can again be
defined as a probability distribution over such pure strategies. To sim-
plify our presentation, we focus only on pure strategies in the following.

Next we turn to solution concepts. A dominant strategy equilibrium
for a Bayesian game can be defined in an analogous manner as before;
only here a player is required to have a dominant action for every
possible profile of types. Also, as before, this is often too strong of a
solution concept to be useful for many games.

Instead, the most common solution concept used for Bayesian games
is Bayesian–Nash equilibrium, which naturally generalizes Nash equilib-
rium to the Bayesian setting. Once again we define equilibria in terms
of best response correspondences. However, now in our definition we
need to account for the incomplete information in the game. Specifi-
cally, conditioned on a player knowing her own type, each player in a
Bayesian game is assumed to maximize their expected utility, where
the expectation is taken over the remaining uncertainty in the types of
the other players. Given a profile of strategies a−r for the other players,
and a type θr for player r, this leads us to define player r’s best response
correspondence conditioned on her type, as follows:

Br(a−r|θr) = arg max
sr∈Sr

Eθ−r [Πr(sr,a−r(θ−r),θ)|θr].

Here, the expectation is taken over θ−r, the types of the remaining
players, conditioned on θr.

We can likewise represent the (unconditioned) best response strate-
gies ar of player r as

Br(a−r) = arg max
ar:Θr �→Sr

Eθ[Πr(ar(θr),a−r(θ−r),θ)|],

where the quantity on the right is the agent’s ex ante expected utility,
i.e., the utility that agent expects to get before seeing her type. Note
that

Br(a−r) = Eθr [Br(a−r|θr)].
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Definition 3.7. A strategy profile ae is a Bayesian–Nash equilibrium
of a game if and only if ae

r ∈ Br(ae−r) for all r.

Such equilibria can be viewed as Nash equilibria of an “expanded
game” in which each player’s strategy set is the set of all functions ar :
Θr �→ Sr and their payoffs are given by their ex ante expected utility.

As in the case of games with complete information, various results
are known that help to establish the existence of Bayesian–Nash equi-
librium. For example, the following result is analogous to Theorem 3.1.

Theorem 3.5. Consider a Bayesian game in which the strategy spaces
and type sets are compact subsets of R and the payoff functions are
continuous and concave in a player’s own strategy. Then a pure strategy
Bayesian–Nash equilibrium exists.

Likewise, Nash’s theorem for mixed strategies naturally generalizes
as in the following.

Theorem 3.6. Mixed Bayesian-Nash equilibria exist for all finite
games.

3.5.2 Example

We give two examples of Bayesian games.

Example 3.7 (First price auction). An object is be assigned to
one of two agents via a first price auction. In this mechanism, each
player submits a non-negative bid br; the object is awarded to the agent
with the highest bid. The winning bidder must pay her bid, while the
losing bidder pays nothing. (In the case of a tie, assume no one is
awarded the object, nor pays anything.) Each agent r has a private
value for the object of θr. We assume an independent uniform prior
on the valuations; that is, we assume that the values are generated
independently chosen according to the uniform distribution on [0,1].
This is an example of an independent private values model.
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This situation can be readily modeled as a Bayesian game, where the
strategy set for each player r corresponds to the choice of possible bids
and the type of each player corresponds to their private value for the
object. Thus, the type set Θr of each player is simply the interval [0,1],
and the common prior is simply the product of two uniform measures
on [0,1] × [0,1]. The payoff function of a user in this game is then
given by

Πr(br, b−r,θr) =

{
θr − br, if br > b−r,

0, otherwise,
(3.7)

which in this case does not depend on the type of the other agent.
We now show that a Bayesian–Nash equilibrium for this game is for

each player to bid half their value, i.e., br = θr/2. To see that this is
an equilibrium, consider agent 1’s best response given that agent 2 is
bidding half her value. Player 1 will then win the auction if her bid b1

is larger than θ2/2. From the assumed uniform prior distribution, the
probability that this occurs is given by min(2b1,1), in which case player
1 receives a payoff of θ1 − b1. It follows that agent 1’s best response
given type θ1 is the value of b1 ≥ 0 which maximizes

Eθ2 [Π1(b1,θ2/2,θ1)|θ1] = (θ1 − b1)min(2b1,1).

The unique maximizer of the right-hand side is b1 = θ1/2. In other
words, agent 1’s best response is to also bid half her value. Hence, from
symmetry it follows that this must be a Bayesian–Nash equilibrium.

Note that bidders in a first price auction are incentivized to shade
their bids downward, so that they make a positive profit when they win
the auction. (For more on auctions, see Section 5.4.)

Example 3.8(The market for lemons revisited). In the previous
example, a player’s payoff depended only on her own type and so each
player was uncertain about the payoff of the other player in the game
(hence the term “private values”). Bayesian games can also be used to
model other forms on uncertainty. We illustrate this here by developing
a Bayesian game to model the “market for lemons” example discussed
in Section 2.6.
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Recall that in this example a buyer wants to purchase a single unit
of a good that the seller values at v and the buyer at αv, for α > 1. The
seller’s value v is a uniform random variable on [0,1] and is observed by
the seller and not the buyer. A price p for the good is set exogenously
in a market, and the question considered was at what price p would
trade take place. To view this as a Bayesian game, we let the set of
agents be the buyer b and the seller s. The seller has two actions: “sell”
or “not sell”; the buyer also has two actions: “buy” or “not buy.” We
can view the seller as having a type v that corresponds to her value,
while the buyer has a single type with probability one. Let the seller’s
payoff be given by

Πs(ss,sb,v) =

{
p, if ss = sell and sb = buy,

v, otherwise.

The buyer’s payoff is

Πb(ss,sb,v) =

{
αv − p, if ss = sell and sb = buy,

0, otherwise.

This completes our description of the game. Note that in this case,
the buyer’s payoff depends on the type of the seller and so the buyer
does not know her own payoff; while the seller knows both her own
payoff and that of the buyer. (Settings where all players’ payoffs depend
on a common source of underlying uncertainty are known as common
value settings; see Section 5.4 for further discussion.) Following the
discussion in Section 2.6, it can be verified that for α < 2, a Bayesian–
Nash equilibrium of the game is for the buyer to always choose “not
buy” so that trade never occurs.

3.5.3 Discussion

The common prior. Perhaps the central objection to Bayesian games is
that they rely on the notion of a common prior between agents. Relative
to Nash equilibrium, the advantage is that for rational players to select
a Bayesian-Nash equilibrium, they no longer need knowledge of other
players’ payoff functions; instead, they need to know set of possible



226 Equilibria

types and the common prior in order to determine their expected utility.
Moreover, this needs to be common knowledge. The need for a common
prior places some significant restrictions on the model that have been
disputed. For example, it is not possible for agents in such a game to
have “inconsistent” beliefs that are common knowledge.

The model also raises questions about how the players arrived at
a prior that is common knowledge in the first place. One reaction is
to actually use the Bayesian game framework to also model the uncer-
tainty that a player may have about the information available to other
players.

For example, in Example 3.8, suppose that the buyer had two types,
“informed” and “not informed,” in each case the buyer has the same
payoff except in the “informed” case she knows the realization of the
seller’s type, while in the “uniformed” case she does not. In this case,
the seller would not know if the buyer was informed or not about the
value of the good, but rather have a probabilistic belief that the buyer
was informed, given by the conditional probability that the buyer had
the informed type.

One can continue this conceptual thread and define “higher order”
levels of uncertainty, i.e., uncertainty about beliefs about beliefs about
beliefs, etc. In principle this can be incorporated into a Bayesian frame-
work, following the same logic as in the previous paragraph. Not sur-
prisingly, however, such models can quickly become intractable; as in
much of mathematical modeling, there is a delicate balance between
realism and tractability in the model.

Other forms of uncertainty. The previous examples illustrate that
conceptually, the Bayesian game framework admits significant flexibil-
ity (if at the expense of tractability). As another example, at first glance
it may appear that this framework only allows one to capture payoff
uncertainty, and not other forms of uncertainty such as uncertainty
about the number of agents participating in a game or uncertainty
about the actions available to other players. However, by appropriately
defining the game, these can also be modeled using a Bayesian game.
For example, to model uncertainty about the number of players, one
can enlarge a player’s strategy set to include the action “do not partici-
pate” and make this action strictly dominant for certain realizations of



3.6 Repeated Games 227

a player’s type. One can also model variability about the actions that
are available by assigning some actions a very low payoff for certain
types, so that we can be sure that they would not be used. As before,
however, such model complexity is typically greeted with an increase
in analytical complexity as well.

3.6 Repeated Games

Thus far, we have focused on “one-shot” models in which agents inter-
act once with each other. More generally, game theory offers a rich
modeling framework for dynamic interactions as well. In this sec-
tion, we consider one benchmark model of dynamic games, referred
to as repeated games. As we shall see, repeated games are conceptually
appealing, but also suffer from some analytical pitfalls that limit their
practical applicability.

3.6.1 Methodology

Recall the peering game from Example 3.1 in which two ISPs selected
to route traffic through either a “near” or “far” peering point. Both
selecting “far” led to the socially optimal solution; however, the unique
equilibrium of this game was for both to select “near.” This can be
attributed to each ISP not accounting for the negative effect, or exter-
nality, that their routing choice imposes on the other ISP. (For more
on externalities see Chapter 4.)

Suppose now that instead of making a single routing decision, the
two ISPs revised their routing decision each day. In such a setting a
rational ISP should not just account for the effect of their decision
on today’s payoff, but also how this will affect future payoffs. Formally,
such a setting can be modeled as a repeated game, i.e., a model in which
the peering game is played repeatedly by the same two opponents in
periods n = 1,2, . . . .

At the start of each period the players choose their actions in the
current period, given the outcome of the games in all the previous peri-
ods. In other words, a player’s strategy in such a repeated interaction
is a policy, which specifies her action at each time n as a function of
the history of play up to time n. When choosing such a policy, suppose
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that each player’s payoff is given by a discounted sum of payoffs in each
period:

∞∑
n=0

δnΠr(sn
r ,sn

−r),

where δ ∈ (0,1) is the discount factor, Πr is the payoff of agent r in
a single period and sn

r is player r’s action in period n. Informally, an
“equilibrium” of this game consists of a policy for each player that
optimizes their payoff after any history of the game, given the policy
chosen by the other player. Such an equilibrium is referred to as a
subgame perfect Nash equilibrium; see the endnotes for references to a
more formal development.

Here we develop some of the main insights of repeated games by way
of example. In particular, for the peering example, suppose that ISP
1 adopts the following strategy: it will route traffic to the far peering
point in each period as long as ISP 2 does the same; otherwise, it will
route all traffic to the near peering point. Given this strategy, let us
consider ISP 2’s best response. If it routes traffic to the near peering
point during period τ , then given the payoff matrix in Example 3.1,
it should do this for all periods n > τ . Hence, to determine ISP 2’s
best response, we only need to determine the first time τ that it routes
traffic to the near peering point. For a given choice of τ , its payoff is
given by

τ−1∑
n=0

δn · (−2) + δτ · (−1) +
∞∑

n=τ+1

δτ · (−4)

=
1

1 − δ
(−2 + δτ − 3δτ+1).

For δ > 1/3, this is an increasing function of τ , and thus ISP 2’s best
response it to always send traffic to the near peering point. It follows
that if ISP 2 adopts the same strategy, then this will be a (subgame
perfect Nash) equilibrium in which both agents always make the effi-
cient routing choice. In other words, the inefficiency of the prisoner’s
dilemma is eliminated in this equilibrium.

The strategies in the previous example can be viewed as a type of
“punishment” strategy, i.e., in these strategies each agent threatens to
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punish the other agent for choosing the “near” route. Such punishment
strategies are sometimes also referred to as trigger strategies. When the
agents do not discount the future “too much,” this threat of punishment
gives each agent an incentive to cooperate with their partner.

3.6.2 Discussion

Folk theorem. The preceding discussion suggests, at first glance, that
repeated games can perhaps lead to efficiency in settings where the
static game might have inefficient outcomes. However, we must be cau-
tious in reaching such a conclusion; in fact, repeated games have many
equilibria, some of which are at least as inefficient as any equilibrium
of the corresponding static game. For example, in any repeated game,
repeating a pure strategy Nash equilibrium of the static game indefi-
nitely is also a subgame perfect Nash equilibrium. In the case of the
peering game, such an outcome would yield payoffs as low as in the
static game.

This example is indicative of a broader result, the so-called “folk
theorem” of repeated games. The folk theorem states that for any
repeated game, any set of feasible individually rational payoffs can be
supported as an equilibrium, provided that the discounted factor is
close enough to 1. “Individually rational” means that the equilibrium
payoff of a user must be at least the lowest payoff it can obtain by
unilaterally best responding to her opponent’s action, known as the
minimax payoff:

min
s−r

max
sr

Πr(srs−r).

Here player r maximizes her payoff given her opponent’s choice, and
in the worst case her opponent is purely adversarial and minimizes
player r’s payoff.

The folk theorem has a constructive proof, and actually yields a
pair of strategies that attain any specified payoff vector meeting the
constraints. The folk theorem is an example of a result in economics
where “anything goes”: essentially, equilibria of repeated games are
so numerous as to lack any predictive power. Predictive power can
be regained by refining equilibria, i.e., adding progressively stronger
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constraints on either the behavior of players or the structure of the
equilibrium. However, such constraints typically bring an attendant
increase in intractability. As a consequence, while repeated games are
a useful modeling tool, they are typically less valuable in providing
engineering insight or design guidance for real systems.

Monitoring. In the repeated interaction model we were assuming
perfect public monitoring, i.e., after each stage both players always
observed the action of the other player. Unfortunately, this may not
be the case for many models with repeated interactions. In such cases,
new subtleties arise. For example, if players observe a noisy version of
the other player’s actions, then there is a possibility of “false” punish-
ment. Such games with imperfect monitoring have been well studied;
by employing more sophisticated strategies, some form of cooperative
behavior may still be supported in equilibrium (though the general
insight of the folk theorem persists).

Finite repeated games. We have discussed the case where players
interact with each other over an infinite time horizon. In practice, most
repeated interactions only last a finite number of periods. If the hori-
zon length is fixed and given, the resulting game is a finitely repeated
game. The equilibria of finitely repeated games can differ significantly
from those of infinitely repeated games, depending on the nature of
the static game that is repeated. This suggests one should be careful
when modeling a particular interaction as an infinitely repeated game,
and be sure that it is reasonable that the end of any interaction is far
enough in the future that players effectively treat the interaction as
indefinite.

3.7 Efficiency Loss

We started this chapter by recalling from Chapter 2 that, for some
cases, prices can be used to reach an efficient allocation of resources —
provided that users do not anticipate their effect on the price. As we
noted, when users do anticipate this effect, the outcome may be differ-
ent and is better modeled from a game theoretic perspective.

We now turn to a normative question: Given such a game, what loss
in efficiency (if any) is incurred by the behavior of fully rational users
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who anticipate their effect on the outcome? Answering such a question
requires two key choices: first, determining a benchmark metric for
measurement of efficiency; and second, choosing an equilibrium concept
with which to model the outcome of the game. In this section, we discuss
various ways to compare equilibria to the efficient outcome.

3.7.1 Methodology

For simplicity, we focus on resource allocation in a quasilinear envi-
ronment (as modeled in Section 2.4); we suppress the technical details
here.

In particular, consider a game G for allocating one or more resources
among agents in a quasilinear environment. The efficient allocation in
such a setting is the one which maximizes the total utility across all
agents. It appears natural to measure the loss in efficiency for a given
outcome of G by the difference between the total utility at the outcome
and the total utility at an efficient allocation. Since we are assuming
a quasilinear environment, this difference is measured in units of the
common currency. It can be convenient to normalize this difference by
total utility of an efficient allocation, in which case the efficiency loss
is a percentage that does not depend on the units used to measure
the common currency. (Note that such a normalization requires the
maximum total utility to be positive.) We refer to this (unitless) ratio
as the efficiency loss at a given outcome of G.

We have discussed various equilibrium concepts for a game; the
previous definition can apply to an outcome associated with any such
solution concept. Recall that there may be more than one equilibrium,
and different equilibria may achieve different utilities. Without a com-
pelling reason to choose one equilibrium over another, one approach
for characterizing the performance of a given game is to determine
the worst-case equilibrium, i.e., the equilibrium with the lowest utility
(or largest efficiency loss).

This measure is closely related to the price of anarchy, which is
defined as the ratio of the total utility achieved by the efficient alloca-
tion to the worst (i.e., lowest) total utility achieved by an equilibrium.
(Here, we require the total utility of the efficient allocation and the
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total utility of any equilibrium to both be positive.) An efficiency loss
of 0% corresponds to a price of anarchy of 1; as the efficiency loss
increases toward 100%, the price of anarchy increases without bound.
Often these concepts are applied to a class of games parameterized by
the number of players and their utility functions; in this case, the price
of anarchy refers to the the largest price for any game in this class.

3.7.2 Example

We next give an example to illustrate these different measures of effi-
ciency loss.

Example 3.9 (Tragedy of the commons). We consider a special
case of Example 3.2 in which R users are sharing a link with capacity C.
Let xr denote the share user r receives. We assume that each user r

receives a utility equal to their share, i.e., Ur(xr) = xr. Furthermore,
we assume that the latency function is given by �(y) = y/C, so that
a user’s net utility is given by Πr(xr,x−r) = xr(C −∑s xs)/C. Our
choice of utilities and latency functions is primarily to simplify the
following arguments; similar conclusions hold for other choices of these
parameters. For the game in Example 3.2, each user chooses xr to
maximize Πr(xr,x−r). As shown in Example 3.4 this game has a unique
Nash equilibrium, which in this case is given by xe

r = C/(1 + R) for each
user r. The social welfare achieved by this equilibrium is given by

∑
r

Πr(xe
r,x

e
−r) =

RC

(1 + R)2
.

To determine the efficiency loss, suppose instead that a centralized
planner knew the utility of each player; then it could instead determine
an efficient allocation x′

r. One such allocation is given by x′
r = C/(2R),

which results in a social welfare of C/4 independent of the number
of users. Hence, the (normalized) efficiency loss of the previous Nash
equilibrium is 1 − 4R/(1 + R)2 and ratio of the efficient total utility to
the equilibrium total utility is (1 + R)2/(4R). If we consider the class
of all such games parameterized by R, then the worst-case efficiency
loss is 100% and the price of anarchy is unbounded.
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This illustrates that when users are allowed to choose their resource
allocation in their own self interest the overall social welfare can be
greatly reduced, resulting in what is sometimes called a tragedy of the
commons.

3.7.3 Discussion

Worst-case, average-case, and best-case. Since such measures are worst-
case, they may not give an accurate indication of the “average case”
that one would find in practice. Note that the price of anarchy is worst-
case in two dimensions: both over the family of games under considera-
tion, and over the set of possible equilibria in each game. A related, less
pessimistic notion that has also been studied is the “price of stability,”
which instead considers the best possible equilibrium in each game.

The efficient benchmark. Because we assumed a quasilinear environ-
ment, we were able to rely on the total utility as a benchmark metric
for efficiency. In general, however, there may be other metrics that are
relevant; e.g., some of the metrics obtained in the fairness discussion
in Section 2.3. This is particularly the case when utilities are not being
measured in common units, so that total utility is not necessarily the
right objective.

Normalization. The efficiency measures we consider here are based
on ratio of two utilities. This is only meaningful in cases where the
utilities of agents have a common currency of measurement, e.g., delay,
throughput, or monetary valuation. As we discussed in Section 2.1, in
many economic models this is not the case; a utility is simply a repre-
sentation of an agent’s underlying preferences over different outcomes.
Such a utility function is in general not unique; for example, adding
any constant to a utility gives another equivalent utility function. The
issue in such cases is that adding a constant to a user’s utility changes
the ratio of two utilities used in these efficiency measures, making it
unclear what meaning to assign to this ratio. For this reason one must
be careful in choosing the correct normalization for efficiency loss. For
example, it may make more sense to measure both the utility at the effi-
cient outcome and the utility at the equilibrium outcome as differences
from a “reference” outcome.



234 Equilibria

3.8 Endnotes

Static games. Many of the concepts discussed in this chapter are cov-
ered in standard references on game theory such as Fudenberg and
Tirole [11], Osborne and Rubinstein [32], or Myerson [28]. Any of these
references provide a fuller treatment of advanced topics in game the-
ory, including static and dynamic games with complete and incomplete
information. Mas-Colell et al. [24] also contains a treatment of much of
this material from a microeconomic perspective.

Dominant strategies. Example 3.1 is equivalent to the well-known
“prisoner’s dilemma” game, which is discussed in most introductory
books on game theory (e.g., the references described above).

Myerson [28] describes an elegant parable illustrating the pitfalls of
a lack of common knowledge reasoning. See also the classic papers of
Aumann [2] and Milgrom and Stokey [25].

Nash equilibrium. The notion of a Nash equilibrium for a general
static games was introduced by Nash [30], which also contained Theo-
rem 3.3 showing the existence of Nash equilibria in finite games with
mixed strategies.

Prior to Nash’s work, the focus of game theory was mainly on two-
person zero-sum games: games where one player’s gain is the opponent’s
loss. A classic reference of this work is given by Von Neumann and
Morgenstern [41].

See Monderer and Shapley [27] for a more extensive discussion of
potential games.

The book by Fudenberg and Levine [10] contains a much broader
treatment of various learning dynamics for games.

Mixed strategies. The purification approach for justifying mixed
strategy equilibrium was given in Harsanyi [15].

Bayesian games. Bayesian games were developed in Harsanyi [14]
as was the notion of a Bayesian–Nash equilibrium.

The analysis of the first price auction in Example 3.7 dates back
back to the seminal work of Vickrey [40], where it was also shown that
the given equilibrium is unique.
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Repeated games. Repeated games and the folk theorem are covered
in most introductory texts on game theory including those listed pre-
viously.

A more extensive treatment of these topics under both perfect and
imperfect monitoring is provided in the book by Mailath and Samuel-
son [23].

The folk theorem for repeated games is so named because this result
was part of the “folk knowledge” of game theory long before it was
formally stated in the literature.

Efficiency loss. The price of anarchy concept (without the particular
term) was discussed in the computer science literature in Koutsoupias
and Papadimitriou [20]; the term “price of anarchy” was introduced
in Papadimitriou [34]. In economics, efficiency losses are often referred
to as deadweight losses, particularly in microeconomic contexts (see
the textbook Mas–Colell et al. [24]). A survey of price of anarchy and
related efficiency measures can be found Part III of Nisan et al. [31].



4
Externalities

Informally, externalities are effects that one agent’s actions have on
the utility received by another. For example, in the network resource
allocation problem discussed in Example 2.4, the rate allocated to one
agent increases the latency experienced by the other agents sharing
the common resource. There are many other examples of externalities;
indeed, interpreted broadly enough, we can view every game as exhibit-
ing externalities of some sort, since a single player’s actions typically
influence the payoffs of other players. These effects can be negative
(e.g., resource congestion, or the interference one user in a wireless net-
work causes to others) or positive (e.g., the performance improvement
a user in a peer-to-peer network experiences due to the participation
of other users). From our perspective, externalities prove challenging
because they often lead to distortions of economic outcomes away from
efficiency. In response, there are a range of approaches used to try to
manage externalities through appropriate incentives, from pricing to
regulation.

In this chapter we discuss externalities in greater detail. We begin
in Section 4.1 by defining externalities more precisely and classifying
them. In particular, we discuss both positive and negative externalities.

236
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The externalities we discuss in Section 4.1 are primarily based on
how the payoffs agents receive are affected by each others’ actions;
in Section 4.2 we focus on settings where externalities arise due to
asymmetries in the information available to agents.

Given that externalities can lead to inefficient outcomes, we are
naturally led to ask: what can be done to mitigate the effect of exter-
nalities? In Section 4.3, we discuss what might happen if agents are left
to their own devices: in particular, we study the role of bargaining in
mitigating externalities. This serves as a prelude to a much lengthier
discussion in the following chapter on the use of a variety of incentives
to mitigate the effects of externalities.

4.1 Basic Definitions

As described above, the intuitive notion of an externality is seemingly
clear, but also a bit too broad to be economically meaningful. In making
the definition of an externality more precise, several subtle issues arise,
which we discuss in this section. In addition to defining externalities,
we also discuss the classification of externalities as either positive or
negative.

4.1.1 Methodology

Consider a general resource allocation problem of selecting an outcome
x = (x1, . . . ,xR) for R agents from a set of feasible outcomes X , where
xr represents agent r’s share of the resource. Loosely, if there are no
externalities, then each agent r’s utility for a given allocation depends
only on xr; i.e., it is a function Ur(xr), and does not depend on the
values of xs for s �= r. On the other hand, when externalities are present,
agents have utilities that depend on both xr and xs for s �= r; i.e., the
utilities are now of the form ur(x1, . . . ,xR).

This is not a precise definition. As noted above, in this sense
every game exhibits externalities, so the definition does not yield
any additional insight. There are more subtle problems as well. For
example, note that by changing the labels of each outcome, one can
change the dependence of the utilities on these labels. As an extreme
example, we could simply label each outcome by setting xr equal to
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the corresponding utility received by each agent; in this case we have
Ur(xr) = xr, and so there is never any dependence on xs (s �= r) in user
r’s utility. A useful definition of externalities should not depend on an
arbitrary choice of labels.

A more precise definition of externalities is somewhat subtle. To
see this, note that even in the case of allocating a divisible resource as
in Example 2.1, one agent’s share of the resource reduces the amount
of resource available, and so directly has an effect on the utility that
can be received by other agents. Is this an externality? If so, then
our definition of externality needs to be expanded further, beyond its
(already broad) description above. Such an extension would make our
definition of externality so broad as to be vacuous.

A more meaningful definition of externality is typically obtained by
defining externalities not only in terms of the underlying resource, but
within the context of a market for that resource. Given a market, an
externality is defined as an effect that one agent causes others, that is
not accounted for by the market mechanism. For example, there are no
externalities in a market for the divisible resource in Example 2.1 if
a market clearing price is used to reflect the contention for the com-
mon capacity constraint. Though this definition is more precise, the
term externality is more often used in the looser sense described above
(despite the resulting breadth of the definition): to simply reflect the
dependence of one agent’s utility function on the resources obtained by
another, under some “natural” parameterization of the resources.

We conclude by reiterating that externalities may be either pos-
itive or negative. A negative externality refers to a situation where
increasing one user’s share of a resource decreases the utility of other
agents; or more broadly, where a higher action by an agent decreases
the utility of others. The congestion effect in Example 2.4 is one exam-
ple of a negative externality. By contrast, a positive externality refers
to the situation where increasing one user’s resource consumption (or
her action) increases the utility of other agents. Peer-to-peer fileshar-
ing systems exhibit positive externalities: when more users participate,
the system performance typically improves for everyone. Note that in a
given setting, both types of externalities may be present; for example,
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in a filesharing system, additional users may also increase congestion
(a negative externality).

4.1.2 Examples

We give two examples illustrating the different types of externalities
(negative and positive).

Example 4.1(Interference externalities). Consider a wireless net-
work where a set of R users share a common frequency band. Each user
corresponds to a unique transmitter/receiver pair. User r sets a power
level Pr and transmits over the entire band treating all interference as
noise. The performance of each user r is given by a utility ur(γr) that
is an increasing function of their signal-to-interference plus noise ratio
(SINR) γr, which is given by

γr =
hrrPr

n0 +
∑

s 
=r hsrPs
,

where hsr denotes the channel gain from transmitter s to receiver r,
and n0 is the noise power. Suppose that each user can select a power
Pr from the interval [0,Pmax] to maximize their own utility. Since γr

is increasing in Pr, it follows that each user would transmit at the
maximum power Pmax, which can result in a total utility that is much
smaller than the maximum achievable utility.

The reason for this outcome is that while increasing an individual’s
power increases their own SINR, it decreases the SINR of every other
user, i.e., this is a negative externality. Each player does not account
for this externality in making her own decision; a common expression
for this result is that players are not “internalizing the externality.” It
is instructive to compare this to the congestion externality in Exam-
ple 2.4. With the congestion externality, all users of the resource expe-
rience the same disutility due to the externality, while with this inter-
ference model the disutility varies across the users depending on the
cross channel gains hsr.
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Example 4.2 (Network effects). Consider the following high level
abstraction of an online gaming system with R participants. Each par-
ticipant r exerts an amount of “effort” er ∈ [0,1]; for example, we could
interpret this to correspond to the time spent online, with 1 the max-
imum “effort” possible. Suppose that this effort incurs a cost to the
participant of cr(er); for simplicity, we assume cr(er) = e2

r . On the
other hand, suppose that the benefit to participant r is proportional to
both her own effort er, as well as the total effort of other participants,∑

s 
=r es. Thus the total utility of each participant r is

Ur(er,e−r) = αrer

∑
s 
=r

es − e2
r ,

where αr > 0. In this case if agent r increases her effort, she improves
the payoff of each other user s. Thus this is a model with positive
externalities.

Provided that αr(R − 1) +
∑

s 
=r αs > 2 for all r, the total utility
of all agents is maximized if each agent chooses maximum effort, i.e.,
er = 1 for all r. On the other hand, suppose that for some user r, αr(R −
1) < 2. In this case, if all users s �= r exert effort es = 1, user r’s marginal
change in utility at er = 1 is αr(R − 1) − 2 < 0. In particular, user r has
an incentive to reduce her effort and free ride on the effort of the other
users. This argument can be refined to show that no Nash equilibrium
can be Pareto efficient; we leave the details as an exercise for the reader.
Indeed, if αr(R − 1) < 2 for all r, then the unique equilibrium is for
each participant to exert zero effort, resulting in a 100% efficiency loss.

This type of externality is also referred to as a network externality
or a network effect, referring to the fact that the value of the service to
a user depends on the number of other users in the “network.” As the
name suggests, such effects are a common feature of many networking
scenarios ranging from the use of a particular networking technology to
social networking applications that operate on a network. Note that in
this example if each user exerts her maximum effort, then the value of
the network grows proportional to the square of the number of users;
this is an observation known as “Metcalfe’s law,” which Bob Metcalfe
originally put forward in the context of the value of Ethernet networks.
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4.1.3 Discussion

Over-consumption and negative externalities vs. free-riding and positive
externalities. Broadly speaking, in the absence of any corrective
economic mechanism, negative externalities tend to lead to over-
consumption of resources, while positive externalities tend to lead to
free-riding on the efforts of others (and under-provisioning of effort as a
result). With negative externalities, self interested users do not account
for the negative effects they have on other users, and this leads them
to over-consume compared to the efficient allocation. This is the reason
for the tragedy of the commons in Example 3.9, and the more extreme
failure in the interference example above. On the other hand, with pos-
itive externalities, agents receive positive benefits from others’ actions,
potentially leading to their own inaction. The free-riding effect in the
peer-to-peer example is a canonical version of this phenomenon.

4.2 Informational Externalities

In the examples in the preceding section, externalities are modeled
in terms of the payoffs assigned to each user. Such effects are some-
times referred to as payoff externalities. In this section, we briefly
describe another significant form of externality: informational exter-
nalities, which arise when there are asymmetries in the information
available to different players.

4.2.1 Methodology

In this section, we consider a resource allocation problem with incom-
plete information among the players. As in the previous section, given
R agents, the problem is to select an allocation (x1, . . . ,xR) ∈ X (where
X represents the feasible set of allocations). We assume that each agent
r’s value of the allocation depends not only on her own share of the
allocation xr, but also on a random variable ω ∈ Ω chosen according
to a known probability distribution; i.e., agent r’s payoff is given by
Πr(xr,ω). The random variable ω is sometimes referred to as “the state
of the world.” Each agent r receives a signal τr about the state of the
world, where Θr is the set of possible signal values for agent r; τr is a
random variable dependent on ω.
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If we allow each agent to specify xr, then we can view this as a
Bayesian game where Θr is the type space of agent r. With the pre-
ceding assumptions, agent r’s payoff does not depend on xs for s �= r,
and so there are no payoff externalities. However, player r’s a priori
expected payoff may depend on the signal of user s �= r. Specifically,
this will be the case if

Eω[Πr(xr,ω)|τr] �= Eω[Πr(xr,ω)|τr, τs].

When this is the case, agent s is said to impose an informational exter-
nality on agent r. For example, in the formulation of the “market for
lemons” as a Bayesian game in Example 3.8, the seller imposed such
an externality on the buyer, leading to the potential market failure. As
with payoff externalities, the effect of an informational externality can
be either positive or negative. Indeed, whether this effect is positive or
negative may in fact depend on the specific realization of the state of
the world.

4.2.2 Example

If agents do not simultaneously make decisions, then informational
externalities can result in one agent’s actions influencing the beliefs of
other agents — for better or worse. This is illustrated in the following
seminal example.

Example 4.3 (Herding). Consider a set of agents, who each have
the option of taking one of two irreversible actions ar ∈ {A,B}; for
example, the action may correspond to placing a bet on an outcome.
The value of each action depends on an unknown state of the world ω

that also takes values in the set {A,B}, which are a priori equally likely.
If a player chooses an action that matches the true state of the world
they receive a utility of 1, otherwise, they receive a disutility of −1.
Each player seeks to maximize their expected payoff.

Without any further information, each player would be indifferent
on the choice of action, as the expected payoff would be zero for either.
Now suppose that each player also receives a signal, τr ∈ {A,B}, which
gives her additional knowledge of the state of the world. Specifically,
τr indicates the true state of the world with probability 1 − ε > 1/2;
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and indicates the opposite state with the remaining probability ε. Each
player’s signal is private information; however, each player is aware that
the other players are also receiving this information. Given this private
signal, player r is led to believe that the state of the world is equal
to τr with probability 1 − ε, so her expected payoff is maximized by
choosing ar = τr.

Finally, suppose that the players sequentially decide their actions
after observing the action of all players before them. First consider a
player 2 that observes player 1 taking action A before deciding on her
own action. This informs player 2 that player 1’s signal must have been
τ1 = A, which is information that player 2 can use to further revise
her belief. In particular, if player 2’s signal was τ2 = B, then player 2’s
belief that the state of the world is B now becomes

Pr(Ω = B|τ1 = A,τ2 = B) = 1/2;

thus player 2 becomes indifferent between the two actions. In other
words, even though the actual value of the good to player 2 is inde-
pendent of the action of player 1, player 1’s action can affect player 2’s
belief about this value. Moreover, player 1 does not account for this
effect when making her decision.

Even more surprising behavior can arise if we continue. In particu-
lar, suppose that when indifferent, a player follows her own signal; and
suppose that the first two players choose A. It can then be shown that
every subsequent player will choose A regardless of their own signal!
(We leave the proof of this remarkable fact to the reader; see also the
endnotes.) This behavior arises because the first two players choosing
A reveals to the next player that they both had signals equal to A.
This information overrides the third player’s own signal, leading her to
choose A as well. The fourth player now has the same decision prob-
lem as the third player (since the third player’s action conveys no new
information); so the fourth player (and all subsequent players) will all
choose A, regardless of their own signal.

The preceding effect referred to as herding behavior or an informa-
tion cascade. Information cascades illustrate a particularly surprising
form of information externality: in a cascade, individuals are exerting
negative informational externalities on their successors. By acting based
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on past actions rather than their own signals, each player precludes her
successors from benefiting from the information contained in her signal.
It is worth noting that herds and cascades can be asymptotically effi-
cient (i.e., everyone eventually taking the correct decision) or inefficient
(i.e., everyone eventually taking the incorrect decision).

4.2.3 Discussion

Mitigating information externalities. How are such externalities
addressed? One solution to this type of problem is to encourage the
agents to reveal their private information before anyone acts. Of course
a concern here is that agents may not truthfully reveal their informa-
tion; the theory of mechanism design (see Chapter 5) provides some
techniques to address this issue. In the herding context, one possible
simple solution is to have the first N individuals make decisions in iso-
lation without observation of the past. This effectively gives successive
individuals the opportunity to observe N independent signals, signif-
icantly increasing the likelihood of taking the efficient action. Such
strategies are often pursued in practical settings; decision makers ben-
efit from a diversity of perspectives to avoid “groupthink.”

Long-run interactions and reputation. In many examples with infor-
mation externalities, players are repeatedly interacting, but against
a set of players that changes over time. For example, in online mar-
ketplaces such as eBay, buyers and sellers interact routinely, but not
necessarily with the same counterparty. In such settings, reputation
systems can often serve as a “passive” mechanism to align incentives
with efficient outcomes despite information asymmetries.

Informally, a reputation system collects and aggregates information
about an agent’s previous behavior, and makes this summary avail-
able to all system participants. For example, in eBay, the marketplace
requests feedback from market participants on each transaction; this
gives sellers an incentive to exert effort to improve their reputation. In
particular, the seller has an incentive to develop a reputation for selling
high quality goods so that buyers become willing to trade — overcom-
ing the “market for lemons” scenario. Alternatively, the threat of lost
reputation is often enough to persuade sellers to reveal their private
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information on the quality of a good through their advertisement of
the product.

There are many challenges in developing a reputation system; we
cannot be exhaustive here, but briefly mention a few. First, identity
management is needed; if agents can easily change their identity, then
they can avoid punishment from bad behavior (though at the expense
of losing any accumulated reputation). Also, a process dependent on
input from system participants to form reputations can be suscepti-
ble to collusion; e.g., a group of agents could falsely inflate their own
reputations. Transaction costs are typically necessary to prevent such
strategies from being profitable.

This discussion illustrates the role that repeated or long-run inter-
actions play in mitigating externalities. As discussed in Section 3.6,
repeated games typically possess equilibria that can be much more
efficient than the equilibria of the corresponding one-shot game. In
that section, we demonstrated such an equilibrium for the prisoner’s
dilemma, based on the principle of punishment for deviation from a
desired efficient outcome. Reputation systems help encourage this type
of long-run enforcement in decentralized settings where individuals may
not be able to directly keep track of each other’s past behavior. We
conclude with a warning, however: as we also discussed in Section 3.6,
repeated games typically possess many equilibria, some of which are
highly inefficient; similar issues can arise in the presence of reputation
effects.

4.3 Bargaining

In this section, we begin our discussion of how externalities might be
mitigated and efficient outcomes recovered. While many approaches
to addressing externalities concern active intervention — e.g., explicit
incentive mechanisms, markets, etc. — in this section, we consider
a simpler alternative: what happens if we simply allow individuals
to bargain with each other regarding the amount of externality pro-
duced? This approach was extensively studied by the economist Ronald
Coase in the 1950s, in the context of the allocation of wireless
spectrum.
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4.3.1 Methodology

To motivate the bargaining approach, we fix a simple scenario. In par-
ticular, suppose we must determine a resource allocation (x1,x2) to
two agents, with x1 ∈ [0,1] and x2 ∈ [0,1]. Each user has a utility of
the form Ur(x1,x2) which is increasing in the agent’s own allocation
but decreasing in the other agent’s allocation; in other words, there is
a negative externality. We also assume preferences are quasilinear, so
that the utilities are valued in units of a common currency.

Suppose that the unique efficient allocation is x1 = 1 and x2 = 0;
however, when each user chooses their own usage, the resulting alloca-
tion is x1 = 1 and x2 = 1. Thus we know that U2(1,1) > U2(1,0), and
U1(1,1) + U2(1,1) < U1(1,0) + U2(1,0). Rearranging terms we obtain:

U1(1,0) − U1(1,1) > U2(1,1) − U2(1,0) > 0.

Under a bargaining approach, we assume that the two providers can
bargain with each other over the amount of externality each imposes on
the other. For example, suppose that agent 1 offers agent 2 a payment p

such that

U1(1,0) − U1(1,1) > p > U2(1,1) − U2(1,0)

to change its decision from 1 to 0. Agent 2 should be willing to accept
this offer as the payment exceeds its loss in utility; and agent 1 should
be willing to make such an offer as the payment is less than the utility
it gains. After such a transaction, the agents will have arrived at the
efficient outcome.

The preceding result is an example of the Coase theorem. Informally,
the Coase theorem states that if trade for an externality can occur, then
in the absence of frictions, bargaining will lead to an efficient outcome.
(For a more formal statement of the theorem, see the endnotes.)

A prerequisite for the Coase theorem to apply is the existence of
well-defined, verifiable, and enforceable property rights for the assets
being traded. In other words, agents must be able to clearly value the
externality, and ensure that the counterparty follows through on their
side of the bargain. Indeed this result is often stated in terms of the
allocation of property rights.
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Referring to the preceding example, we were assuming that initially
each agent had the right to select any allocation in [0,1] for herself,
but not the other agent. After accepting the above bargain, agent 2 is
essentially relinquishing this right to agent 1. Now suppose we change
the initial allocation of rights and give agent 2 the right to select both
her own allocation as well as agent 1’s allocation. In this case, without
bargaining agent 2 would choose x1 = 0 and x2 = 1. Suppose also that
(1,0) is more efficient than (0,1); in that case, we obtain:

U1(1,0) − U1(0,1) > U2(0,1) − U2(1,0).

Therefore agent 1 can again offer agent 2 an acceptable price between
these two limits to obtain the right to set x1 to 1, while decreasing x2

to zero. The point of this example is that the initial allocation of prop-
erty rights does not matter provided that they can be traded without
frictions; this is an alternative way of stating the Coase theorem.

4.3.2 Discussion

Frictions and bargaining inefficiency. The Coase theorem may seem to
suggest a very simple market structure for well defined assets: simply
allocate the assets arbitrarily with well defined property rights, and let
the agents bargain. The important point that such a conclusion over-
looks is the presence of frictions that can impede efficient bargaining.
For example, there may be costs and delays involved in bargaining.
These delays may be due to the time it takes to agree on a bargain,
as well as the search time and effort needed to find a counterparty to
bargain with. Further, such frictions tend to increase with the number
of parties involved in bargaining. For example, in the case of Internet
peering relationships or wireless interference, the externalities are mul-
tilateral and may require bargaining between multiple agents to resolve
efficiently. Such multilateral bargaining is typically costly to effectively
execute, and consequently efficiency may be lost.

More importantly, we emphasize that the Coase theorem does not
specify a protocol for bargaining. In this sense, the Coase theorem is
more of an “existence” proof: it argues that some protocol exists for
resolving ex ante inefficiencies. In practice, a significant amount of effort



248 Externalities

is invested in constructing mechanisms that resolve ex ante inefficien-
cies; indeed, most of market design is concerned with precisely this
goal in a multilateral setting. A central concern of such mechanisms is
typically to reduce the frictions present in any given resource alloca-
tion setting, so that individuals can reasonably “discover” the efficient
allocation ex post.

Asymmetric information. Another friction in bargaining is due to
incomplete or asymmetric information, i.e., situations where agents
do not exactly know each other’s valuations. Returning to the pre-
vious example, suppose that U1(1,0) − U1(1,1) = 3 and U2(1,1)−
U2(1,0) = 2; thus agent 1 should be willing to pay some price p slightly
more than 2, and agent 2 should accept such a price. Now suppose
instead that agent 1 only knows that U2(1,1) − U2(1,0) is distributed
uniformly on the interval [0,3]; in this case, agent 1’s expected benefit
is maximized if she makes agent 2 an offer of 1.5 — but this offer will
not be accepted, even though the overall welfare would improve if trade
occurred.

This example is similar in spirit to the failure to obtain efficient
trade in the “market for lemons” of Section 2.6. Of course, this is just
one possible way the two agents can bargain; however, a result due
to the economists Myerson and Satterthwaite shows that the under-
lying problem is fundamental: namely in the presence of incomplete
information there is no bargaining procedure that can always guaran-
tee the efficient outcome (see the endnotes). This discussion suggests
that simply relying on bargaining alone may not be sufficient to achieve
efficient outcomes.

4.4 Endnotes

Basic definitions. Externalities are covered in most standard texts
on microeconomic theory including those listed in the endnotes to
Chapter 3.

Informational externalities. Models of herding due to informational
externalities originally appear in the work of Banerjee [4] and Bikhchan-
dani et al. [6].
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A more thorough overview of reputation systems can be found in
Chapter 27 of Nisan et al. [31].

Bargaining. The idea of bargaining over externalities is attributed
to Coase [9]. Myerson and Satterthwaite’s work on asymmetric infor-
mation in bargaining appeared in Myerson and Satterthwaite [29].



5
Incentives

The preceding chapter highlighted the distortions away from efficient
outcomes that often result in economic systems with externalities. In
this chapter, we take a design point of view in dealing with external-
ities: in particular, we ask what incentives we can provide to agents
to encourage them to align their own behavior with efficient outcomes.
Proper design of incentives can mitigate or entirely eliminate the dis-
tortions in economic outcomes that arise due to externalities.

Broadly, the design of incentives that lead individuals to align their
behavior with desired outcomes is referred to as mechanism design. In
a resource allocation setting, a “mechanism” refers to the rules of the
allocation procedure including a specification of what information the
agents send to the mediator, how the mediator allocates the resource
based on this information, and what payments if any are required from
the agents for their allocation. In essence, such a mechanism is specify-
ing the strategy spaces and payoff functions in a game which the agents
will play; for this reason it is sometimes useful to think of mechanism
design as “inverse” game theory. Common examples of such mech-
anisms are various types of price mechanisms (e.g., as described in
Section 2.5) and auctions (such as the first-price auction discussed in
Example 3.7).

250
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In this chapter, we discuss a range of approaches to designing incen-
tives. We start with the bluntest instrument available to the mechanism
designer: regulation of behavior (Section 5.1). Next, we discuss a some-
what more sophisticated approach to providing incentives, inspired by
the discussion of prices in Section 2.5. In particular, we discuss in detail
Pigovian taxes that can lead individuals to “internalize” the externality
they impose on others (Section 5.2).

Both Pigovian taxes and regulation suffer from the pitfall that they
may depend on prior information about the utilities of participants,
and we may not possess this information when we design the incentive
scheme. To address this issue, in Section 5.3 we describe the celebrated
Vickrey–Clarke–Groves (VCG) mechanisms; this class of mechanisms
demonstrates that by properly structuring the payment mechanism, it
is possible to align individual incentives with overall welfare maximiza-
tion, even when the preferences of agents are unknown.

The last two sections of the chapter focus on two specific settings of
interest: auctions and principal-agent problems. We discuss some basics
of auction design in Section 5.4. We conclude with a brief discussion of
contract theory and the principal-agent problem in Section 5.5.

5.1 Regulation

We first consider a simple, “brute force” approach to dealing with exter-
nalities: regulate the behavior of agents to control the level of distortion
away from the efficient solution. Such regulation may be done by the
government; e.g., the Federal Communications Commission (FCC) in
the United States regulates the behavior of wireless devices in part to
reduce negative externalities due to interference. However, regulations
need not be imposed only by government; a resource provider can also
impose rules that users of the system need to follow. For example, when
Internet service providers place caps on data usage, this is done in part
to limit the congestion externality due to heavy data users.

5.1.1 Methodology

The simplest form of regulation to simply place a limit on the
externality-producing activity of an agent. In the case of a negative
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externality, this should be an upper bound, while for positive external-
ities this should be a lower bound. For example, in the case of inter-
ference, one can place a limit on the transmission power of each agent,
while in the example of positive externalities in Example 4.2 we might
place a lower bound on the effort contributed by each agent.

To see the effect of such a limit, we consider a generic resource
allocation setting of the following form. A resource allocation
x = (x1, . . . ,xR) is to be selected for a set of R agents, where xr ≥ 0
represents the amount of resource allocated to user r. For a given allo-
cation, each agent r receives a payoff given by Πr(x), which depends
on the allocation received by every agent. We also assume that agents
have quasilinear preferences, so that Πr(x) is measured in a common
unit of currency across all users. For each r, assume that Πr(x) is con-
cave in x and that as xr → ∞, Πr(x) → −∞ so that at an efficient
allocation each agent consumes a finite amount of resource. For exam-
ple, the model in Example 2.4 fits into the framework, where Πr(x) is
the difference between the utility an agent derives from its allocation
and the latency cost.

Suppose in the preceding setting that the externality is negative.
Let xe denote the equilibrium allocation without any regulatory con-
straints. Now consider adding a constraint xr ≤ x̄r for each agent r,
and then allowing each agent to maximize her own payoff given this
constraint, i.e., over xr ∈ [0, x̄r]. Clearly, if x̄r > xe

r for all r, these new
constraints have no effect and agents choose the unconstrained equilib-
rium allocation. However, from the assumed concavity of the payoff it
follows that if x̄r < xe

r for all r, then there will now be a Nash equilib-
rium in which each agent selects xr = x̄r. For example, if x̄r = x∗

r , this
would result in the efficient allocation — though this would require the
regulator to know the utilities beforehand, which is often too strong an
assumption.

5.1.2 Discussion

Knowledge of preferences. As noted previously, determining the opti-
mal regulation will typically require knowledge of each user’s utility
function as well as other parameters of the system. Such knowledge
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is typically not available, in which case the regulation may not have
the desired effect. Thus effective regulation brings with it a significant
informational hurdle of acquiring preference information in the first
place.

Recall that mechanism design is concerned with the design of eco-
nomic environments that lead to efficient outcomes; through this lens,
regulation may be viewed as a very blunt form of mechanism design. A
key consideration in mechanism design is that the rules of the allocation
procedure, and the actions available to participants, are all typically
designed before the mechanism designer has complete knowledge of who
the participants will be, or what their preferences might be. Thus there
is typically a tension in mechanism design between the individual par-
ticipants’ incentives, and the overall desired outcome of the mechanism
designer.

This challenge is often addressed by having users report their utility
functions, and then charging them a price so that they are incentivized
to do this truthfully; see, e.g., Section 5.3. Not surprisingly, there is a
significant cost to be borne for this additional power: such mechanisms
rapidly become complex, and greatly increase both the amount of infor-
mation the resource manager must collect, as well as the computational
burden they must bear to run the mechanism. Though regulation is a
coarse solution to mitigate externalities, it has the advantage of being
much simpler than most other mechanism design approaches.

Regulations and system engineering. For engineered systems, some
externality-limiting “regulations” are typically enforced as part of the
system design. To illustrate this point, let us consider allocating a band
of wireless spectrum to a set of transmitter/receiver pairs as in Exam-
ple 4.1. Instead of sharing the band by having each user spread their
signal over the entire band, we could instead subdivide the band into
orthogonal frequency bands (or assign users orthogonal time slots).
With such a change, there is no longer an interference externality;
rather, each user affects the others only through their competition
for individual frequency bands. The spectrum can now be viewed as
a divisible resource; a single price can be used to price the negative
externality for this shared resource (similar to Section 2.5), ensuring
no externalities remain in the market.
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Although this approach leads to simpler market design, from an
engineering perspective it may not be ideal. In particular, if the
transmitter/receiver pairs are far enough apart, then the earlier power
sharing model will better exploit frequency reuse and result in better
spectrum utilization. Other approaches could also be used such as
allowing the reuse of spectrum when users are “sufficiently” far apart,
where the reuse distance is again a way to regulate the externalities
imposed on the system. This discussion highlights the importance of
understanding whether the rigid limitations imposed by regulations are
worth the potential efficiency losses they incur.

5.2 Pigovian Taxes

In this section, we begin discussing more tailored approaches to
mitigate the distortions away from efficient outcomes due to externali-
ties. For a congestion externality, we have already alluded to one such
solution in Section 2.5, namely the use of a price or Pigovian tax to
“internalize the externality.” We now consider this type of approach in
more detail.

5.2.1 Methodology

For concreteness, consider the following variation of the generic resource
allocation problem presented in the previous section, where Πr(x) is
the payoff to agent r at allocation x. Suppose each agent r selects
her share of xr to maximize her own payoff. This results in a game,
which from the assumed convexity has a Nash equilibrium. At any
such equilibrium xe, agent r’s allocation must satisfy the following
first-order optimality condition:

∂Πr

∂xr
(xe) ≤ 0, (5.1)

with equality if xe
r > 0.

Let us contrast this with an efficient allocation assuming that the
payoffs are measured in a common monetary unit; in other words,
agents’ overall utility is quasilinear. The efficient allocation is given
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by solving:

maximize
∑

r

Πr(x)

subject to:x ≥ 0.

From the assumed convexity, a necessary and sufficient condition for
x∗ to be efficient is that for each r it satisfy:

R∑
s=1

∂Πs

∂xr
(x∗) ≤ 0, (5.2)

with equality if x∗
r > 0.

Comparing these two, suppose that we have an interior equilibrium
solution xe > 0 so that (5.1) holds with equality. Substituting these
values into (5.2), it follows that xe is efficient if and only if for each r,∑

s 
=r

∂Πs

∂xr
(xe) = 0.

If Πs did not depend on xr for r �= s, then this relation would hold;
however, when externalities are present these terms are not zero in
general, and thus xe is not efficient in general. Note that with positive
externalities these terms are positive, and for negative externalities they
are negative.

Suppose now that each user r is charged a price per unit resource tr.
We refer to such a price as a Pigovian tax if charging this price to user r

results in her choosing the efficient allocation x∗
r . In other words, when

user r maximizes Πr(x) − trxr, she should choose x∗
r . (Note that in

the literature, the term “Pigovian tax” may be used somewhat more
loosely than this precise notion, to refer to any price mechanism that
aims to redirect individual behavior towards more efficient outcomes.)

From the previous discussion, it is straightforward to check that
such prices have the form given in the following theorem.

Theorem 5.1 The set of Pigovian taxes t1, . . . , tR that support the
efficient allocation x∗ are given by:

tr = −
∑
s 
=r

∂Πs

∂xr
(x∗).
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Note that with positive externalities, tr is negative in which case these
“taxes” are actually “subsidies.”

5.2.2 Examples

Three examples of pricing externalities follow.

Example 5.1 (Tragedy of the commons avoided). Consider the
model in Example 3.9 for sharing a link with capacity C among R users.
Each user receives a utility of Ur(xr) = xr from their share and experi-
ences a latency given by �(y) = y/C. When the users simply optimize
their own payoff Πr(x) = Ur(xr) − �(y), we saw in Example 3.9 that
the resulting equilibria exhibit an efficiency loss that approaches 100%
as R increases.

The Pigovian tax for each user r in this example is given by

tr = −
∑
s 
=r

∂Πs

∂xr
(x∗)

= (R − 1)
dl

dy
(x∗

1 + · · · + x∗
R)

=
(R − 1)

C
.

Hence, if each user is charged a price of (R − 1)/C per unit resource,
they internalize the externality, resulting in the efficient allocation.

Note in this example, the Pigovian tax tr is the same for each user
r, i.e., a uniform price per unit resource is sufficient. This arises from
the symmetry of the externality: each user incurs the same marginal
disutility given an increase in the rate of any user. Further, the price
does not depend on the equilibrium allocation x∗, which is due to the
assumed linearity of the latency function. As illustrated by the next
example, in general neither of these properties hold.

Example 5.2 (Interference prices). Consider the model for inter-
ference externalities in Example 4.1. The Pigovian tax for each user r
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in this example is given by

tr = −
∑
s 
=r

∂Us

∂Pr
(γ∗

r ),

where γ∗
r is the SINR for user r at the efficient allocation. For each

user r, let Ir =
∑

s 
=r hsrPr be the total interference received at user r.
Using this, tr can be written as

tr = −
∑
s 
=r

∂Us

∂Is

∂Is

∂Pr
(P ∗)

= −
∑
s 
=r

∂Us

∂Is
(P ∗)hrs.

One can interpret πs = −∂Us
∂Is

(P ∗) as an interference price for user
s, which indicates that user’s marginal decrease in utility due to an
increase in the total interference at that user. Given the set of inter-
ference prices, the Pigovian tax charged to user r is then given by
multiplying the interference price for each user s by the amount of
interference user r causes user s (i.e., hrsPr).

Compared to the previous example, here in general, there is a dif-
ferent Pigovian tax charged per unit power to each user. Specifically,
at each user the interference prices are weighted differently depending
on the channel gains, and the interference prices themselves also vary
depending on each user’s utility and SINR. This reflects the fact that in
this case the underlying externality is not symmetric across the users.

Example 5.3 (Network effects and critical mass). Recall that
for the on-line gaming system in Example 4.2, if for each user
αr(R − 1) < 2, then the unique equilibrium is for every user to exert
zero effort, while if αr(R − 1) +

∑
s 
=r αs > 2 then the total utility is

maximized if every user exerts the maximum effort of 1. A Pigovian tax
for this problem would be to offer each user an incentive of

∑
s 
=r αs per

unit effort, which would result in everyone exerting maximum effort.
In fact offering any incentive tr such that αr(R − 1) + tr > 2 would

suffice to incentivize users to exert the maximum effort. Note that the
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needed incentive decreases with the number of users R; if αr is bounded
away from 0, for large enough R no incentive is needed at all. This
illustrates a common phenomenon of systems with network effects: it is
often advantageous to subsidize “early adopters” so as to build a criti-
cal mass of customers, after which using the system becomes valuable
enough that subsidies are no longer needed.

5.2.3 Discussion

Payments. A careful reader might raise the following objection to the
preceding discussion: though Pigovian taxes enable us to achieve the
efficient allocation for the original problem, we have have changed each
user’s net utility by introducing the payment term. If economic models
are only being used semantically to guide engineering design, this is not
a problem, since we only care about engineering a desired outcome.

However in an economic model, the equilibrium net utility of an
agent after paying a Pigovian tax may in fact be smaller than the
agent’s equilibrium net utility when there are no prices. Is this, then,
necessarily a Pareto improvement? To resolve the dilemma, we need to
recall why the sum of utilities is the efficiency benchmark in a quasilin-
ear setting (per Section 2.4). If the system moves from an equilibrium
outcome to one where total utility is maximized, then there is a way
to structure redistributions of wealth to agents so that everyone is left
better off. In this view, the resource allocator is simply a bookkeeper:
if the resource allocator promises a fixed payment (or fixed fee) to each
user, where in equilibrium the total amount paid out equals the total
payments collected, then we obtain the same total utility as in the
efficient solution.

This interpretation typically leads us to ignore any payments made
to or from the resource allocator when we consider Pigovian taxes. (See
also the discussion of budget balance in the following section.) How-
ever, note that in practice, the resource manager (or market operator)
typically does not rebate net proceeds in this way. As a consequence,
individuals may forecast a potential reduction in their own net utility,
and choose not participate. Ensuring participation is a common goal
in managing externalities; see, e.g., Section 5.5 for a description of this
constraint in the context of contracting.
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Price discovery. As illustrated in Example 5.2, in general the
Pigovian tax for a problem depends on the efficient allocation, which in
turn depends on parameters of the problem such as the utilities of each
user. Of course, the key issue in most places where economic models
are applied is that this information is not known by the “resource
manager,” which then begs the question of how such a price is set
in the first place. Here we discuss a few resolutions to this quandary.

One possibility is that Pigovian taxes are obtained via some type of
price adjustment process. Indeed, the congestion externality in Exam-
ple 5.1 can be viewed as a special case of the formulation in Section 2.5.
As discussed there, one such pricing mechanism is to adjust the price
given the current flows to equal the marginal cost. Such a mecha-
nism does not require the resource manager to know each user’s utility,
Ur(xr), but does require that they have knowledge of the latency func-
tion �(x). Given this knowledge the resource manager can set the price
equal to the marginal change in latency; this only requires measurement
of the total flow through the resource. From an engineering perspec-
tive, this leads to a natural distributed algorithm for determining the
Pigovian tax.

While reasonable for pure engineering design, there are two issues
with this interpretation from an economic perspective. First, if one is
truly modeling economic agents, then agents may be able to forecast
how prices will change, and alter their behavior to affect the outcome of
the price setting process. Second, we are implicitly assuming all users
value latency in the same (known) way, which may not be true. In
general, therefore, a more sophisticated approach to managing users’
incentives may be needed.

For other types of externalities, price discovery may be more compli-
cated. For example, in Example 5.2, a resource manager would need to
determine not just one price but R interference prices; and each of these
prices depend in turn on the local interference conditions at each node,
which may be difficult or impossible for a resource manager to measure.
An alternative in such a setting is for each agent to determine their own
interference prices, by setting the price equal to the marginal change
in their utility due to interference; the nodes can then announce these
prices to other users. Given the prices, if each user updates their trans-
mission powers in a greedy fashion, under appropriate assumptions
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it can be shown that the resulting process converges to the Pigovian
taxes for this problem. Again this provides an engineering algorithm
for allocating resources; however, from an economic point of view it is
somewhat problematic. The issue here is that users are also price setters
and would always have an incentive to announce inflated interference
prices, since this would reduce the interference they see.

Monitoring. In some settings actually monitoring agents’ activity
may be difficult, complicating the use of Pigovian taxes. For example,
in the case of interference, it might not be possible for a resource allo-
cator to accurately measure the interference received at each receiver;
moreover, given the total interference, it can be difficult to determine
each user’s contribution to this total. Of course, agents could be asked
to report information such as their transmit power or received SINR
to help facilitate attribution, but they may not have the incentive to
report this information correctly (again raising a mechanism design
problem).

5.3 The Vickrey-Clarke-Groves Mechanisms

Pigovian taxes are an appealingly simple solution to management of
externalities, but are not without their flaws. Our discussion of price
discovery and monitoring in the preceding section highlights one sig-
nificant challenge in particular: achieving efficient outcomes requires
knowledge of preferences. If agents are strategic, they may distort the
equilibrium outcome away from efficiency; Pigovian taxes may not be
enough to preclude such an incentive, e.g., in the case where users are
also price setters.

In this section, we describe the most famous approach in mechanism
design for resolving this issue, captured by the Vickrey-Clarke-Groves
(VCG) class of mechanisms. These are mechanisms that guarantee
efficient allocation of resources in environments where utilities are
quasilinear (cf. Section 2.4). The key insight behind VCG mechanisms
is that by structuring payment rules correctly, individuals can be
incentivized to truthfully declare their utility functions to the market.
The mechanism can then efficiently allocate resources with respect
to these (truthfully) declared utility functions. As we discuss, VCG
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mechanisms may be viewed as a powerful extension of the Pigovian
taxation principle derived in the preceding section.

5.3.1 Methodology

To illustrate the principle behind VCG mechanisms, we turn to a varia-
tion of Example 3.2, where we are allocating a single resource among R

users. In this case, we do not consider any latency function, but con-
sider a simpler model where the resource simply has a fixed capacity C

that is to be allocated among competing users.
Each user r has quasilinear utility; in particular, if the allocated

amount is xr and the payment to user r is tr, then her utility is:

Ur(xr) + tr.

We assume that for each r, over the domain xr ≥ 0 the valuation func-
tion Ur(xr) is concave, strictly increasing, and continuous; and over
the domain xr > 0, Ur(xr) is continuously differentiable. Furthermore,
the right directional derivative at 0, denoted U ′

r(0), is finite. We let U
denote the set of all functions satisfying these conditions.

Given complete knowledge and centralized control of the system,
the welfare maximizing (and Pareto efficient) allocation is given by the
following optimization problem (cf. Section 2.4):

maximize
∑

r

Ur(xr) (5.3)

subject to
∑

r

xr ≤ C; (5.4)

x ≥ 0. (5.5)

Since the objective function is continuous and the feasible region is com-
pact, an optimal solution x = (x1, . . . ,xR) exists. If the functions Ur are
strictly concave, then the optimal solution is unique, since the feasible
region is convex. The main question we now want to address is how a
manager should allocate these resource when it does not have a priori
knowledge of the users’ utility functions.

The basic approach in a VCG mechanism is to let the strategy space
of each user r be the set U of possible valuation functions, and make a
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payment tr to user r so that her net payoff has the same form as the
social objective (5.3). Thus, in a VCG mechanism, each user is simply
asked to declare their valuation function; of course, if the payments tr
are not structured properly, there is no guarantee that individuals will
make truthful declarations. For each r, we use Ûr to denote the declared
valuation function of user r, and use Û = (Û1, . . . , ÛR) to denote the
vector of declared valuations.

If user r receives an allocation xr and a payment tr, the payoff to
user r is:

Ur(xr) + tr.

On the other hand, the social objective (5.3) can be written as:

Ur(xr) +
∑
s 
=r

Us(xs).

Comparing the preceding two expressions, the most natural means to
align user objectives with the social planner’s objectives is to define the
payment tr as the sum of the valuations of all users other than r.

Formally, given a vector of declared valuation functions Û , a VCG
mechanism chooses the allocation x(Û) as an optimal solution to
(5.3)–(5.5) given Û , i.e.:

x(Û) ∈ arg max
x≥0:

∑
r xr≤C

∑
r

Ûr(xr). (5.6)

The payments are then structured so that:

tr(Û) =
∑
s 
=r

Ûs(xs(Û)) + hr(Û−r). (5.7)

Here hr is an arbitrary function of the declared valuation functions of
users other than r; since user r cannot affect this term through the
choice of Ûr, she chooses Ûr to maximize:

Pr(xr(Û), tr(Û)) = Ur(xr(Û)) +
∑
s 
=r

Ûs(xs(Û)).

Now note that given Û−r, the above expression is bounded above by:

max
x∈X


Ur(xr) +

∑
s 
=r

Ûs(xs)


.
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But since x(Û) satisfies (5.6), user r can achieve the preceding maxi-
mum by truthfully declaring Ûr = Ur. Since this optimal strategy does
not depend on the valuation functions (Ûs,s �= r) declared by the other
users, we recover the important fact that in a VCG mechanism, truth-
ful declaration is a weak dominant strategy for user r. This discussion
is summarized in the following proposition.

Proposition 5.2. Consider a VCG mechanism defined according to
(5.6) and (5.7). Then, declaring Ûr = Ur is a weak dominant strategy
for each user r. Furthermore, under these strategies, the resulting allo-
cation is efficient.

For our purposes, the interesting feature of the VCG mechanism is
that it elicits the true utilities from the users, and in turn (because of
the definition of x(Û)) chooses an efficient allocation. The feature that
truthfulness is a dominant strategy is known as incentive compatibility:
the individual incentives of users are aligned, or “compatible,” with
overall efficiency of the system. The VCG mechanism achieves this by
effectively paying each agent to tell the truth. The significance of the
approach is that this payment can be properly structured even if the
resource manager does not have prior knowledge of the true valuation
functions.

An important special case of the VCG mechanism arises when the
function hr is defined as:

hr(Û−r) = −
∑
s 
=r

Ûs(xs(Û−r)),

where by an abuse of notation we use x(Û−r) to denote the optimal
allocation of the resource if user r were not present in the system at
all. Observe that in this case the VCG mechanism is as if user r makes
a payment to the resource manager, in the amount:

−hr(Û−r) − tr(Û) =
∑
s 
=r

(
Ûs(xs(Û−r)) − Ûs(xs(Û))

)
. (5.8)

Note the right-hand side is always nonnegative. Further, user r makes
a positive payment if and only if she is pivotal, that is, if her pres-
ence alters the resource allocation among the other players; for this
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reason this particular form of VCG mechanism is sometimes called
the pivot mechanism or the Clarke pivot rule. This formulation of the
VCG mechanism is quite intuitive: the payment directly measures the
negative externality that agent r imposes on other agents (according
to their reported valuations), and collects a fee to compensate those
agents accordingly. In this sense, the payment in the pivot mechanism
serves the same purpose as a Pigovian tax in the preceding section, and
can be viewed as a generalization of that concept. Indeed, VCG pay-
ments force agents to “internalize the externality,” exactly as Pigovian
taxes do. However, while a Pigovian tax indicates the “marginal exter-
nality” an agent imposes on other agents, the VCG payment indicates
the “total externality” imposed.

Though we have defined this mechanism for allocating a single
shared resource as in (5.3)–(5.5), this approach directly generalizes to
any resource allocation problem in quasilinear environments, where the
goal is to maximize the utilitarian social welfare. More precisely, let X
denote the set of all possible ways to allocate a given set of resources
and let Ur(x) denote user r’s valuation for an allocation x ∈ X . Then
a VCG mechanism for allocating these resources is given by asking
each agent to declare a valuation function Ûr, which in principle could
depend on the entire allocation x. Given the declared valuations, the
allocation rule in (5.6) becomes

x(Û) ∈ argmax
x∈X

∑
r

Ûr(x).

and the payment rule in (5.7) is modified in the same way.

5.3.2 Examples

Here we present two examples of the VCG mechanism.

Example 5.4 (VCG with interference externalities). We first
consider applying the VCG mechanism in a setting with R interfer-
ing wireless agents as in Example 4.1. In this case, X is the set of all
power allocations P1, . . . ,PR that satisfy 0 ≤ Pr ≤ Pmax for each r. Each
user r receives a utility Ur(γr) that depends on their received SINR γr,
which depends in turn on the vector of powers P = (P1, . . . ,PR). To
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implement a VCG mechanism, the resource allocator needs each user
to specify her utility as a function of the entire power profile P . Let
Vr be this report from user r. Given these reported utilities, a VCG
mechanism determines the power allocation by solving:

maximize
∑

r

Vr(P1, . . . ,PR)

subject to: 0 ≤ Pr ≤ Pmax, for all r.

To determine the VCG payment for user r in (5.8) requires also solving
the problem

maximize
∑
s 
=r

Vr(P1, . . . ,PR)

subject to: Pr = 0,

0 ≤ Ps ≤ Pmax, for all s �= r,

which determines the power allocation each user s receives if agent r

is absent. The price charged to agent r in (5.8) is then given by the
difference between the sum utility the other agents receive under this
power profile, and the sum utility they receive under the allocated
powers.

Though such a mechanism is incentive compatible and efficient, note
that it requires solving R + 1 optimization problems, each of which
in general will not be convex. It also requires each agent to report a
function of R variables, which depends on parameters such as channel
gains among the agents that can be difficult to measure.

Example 5.5 Second price auction. In this example, we consider allo-
cation of an indivisible good. We consider a setting where we have a
single copy of a good to allocate among one of R agents. In this case,
X is a discrete set consisting of the R possible ways of allocating the
resource. Suppose that the agent who obtains the good earns a valu-
ation of ur, while all other agents receive zero value. In this case, the
VCG mechanism asks each player to simply report the single num-
ber ur. The allocation rule reduces to giving the capacity to an agent
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with the largest declared valuation. The payment in (5.8) is equal to
the second highest declared valuation.

It is easier to describe this in more practical terms. In the resulting
VCG mechanism, each agent r is asked to declare a valuation; we refer
to this declaration as the bid of user r. The rule above then reduces to
the following mechanism: the good is allocated to the agent who makes
the highest bid, and this agent pays the second highest bid. This is a
common auction format known as the second price auction (or Vickrey
auction), and our analysis leads to the celebrated result that truthfully
declaring one’s value is a dominant strategy in the second price auction.

5.3.3 Discussion

At first glance, it appears that the VCG mechanism provides an elegant
solution to any resource allocation problem, as it encourages agents to
correctly reveal their utility functions, and in turn yields fully efficient
allocations. Indeed, it can be shown that any mechanism with these
properties is in a certain sense equivalent to VCG. More precisely, any
efficient, incentive compatible mechanism must result in payments that
are structurally the same as those charged by a VCG mechanism. At
the same time, there are several reasons why VCG mechanisms may
not be entirely desirable; we describe three here.

Budget balance. As in our discussion of externalities in the pre-
ceding section, efficiency of the VCG outcome implicitly assumes that
monetary transfers can be “ignored.” However, if we sum the VCG
payments, there is always either a withdrawal or injection of currency
into the system. Some other specification of the model must account
for the fate of this currency: either a form of rebating to or taxation on
the users in the system; or collection of the excess or injection of the
shortfall by a disinterested resource manager.

The fact that the VCG payments do not sum to zero is known
as a failure of budget balance. The Myerson-Satterthwaite theorem
(discussed in Section 4.3) can be reinterpreted as showing that in
general resource allocation settings, there is no efficient, budget
balanced, and incentive compatible mechanism, in which users will
voluntarily choose to participate; see the endnotes to Chapter 4 for
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details. Circumventing this result typically requires focusing on a more
specific class of allocation problems.

Complexity. The VCG mechanism requires agents to submit entire
utility functions. In an engineering context, such as rate allocation in
networks, it may be considered prohibitive to submit entire utilities.
Indeed, in general individuals may not even explicitly know their own
utility functions. Further complications arise because it may be difficult
for agents to computationally reason about the impact that their decla-
ration has on their eventual allocation. Additionally, in some markets it
may even be computationally difficult for the resource manager to solve
the optimization problems required to implement the VCG mechanism,
e.g., when these involve combinatorial constraints over many goods. As
a result, mechanisms where the strategy space is simpler are desirable.
Indeed, most market mechanisms observed in practice do not involve
submission of complete utilities.

Nonuniform pricing. The VCG mechanism exhibits an intrinsic
“nonuniformity” in the nature of pricing. Consider the pivot mech-
anism described above as an example. It is clear that the per unit
price paid by one agent may not be the same as the per unit price
paid by another agent, simply because they may differ in the impact
their presence has on the overall resource allocation. This is an unusual
feature not typically observed in resource markets, where agents see a
common unit price for the good. However, the pivot mechanism iden-
tifies these prices based on the negative externality an agent imposes
on others, and this externality may of course be nonuniform.

5.4 Auctions

A significant subset of the literature on mechanism design and market
design focuses on auctions. Auctions are one of the oldest and most
basic market mechanisms. We consider auction settings here where one
(indivisible) item is up for sale, and bidders submit bids (simultane-
ously) for the item. We focus on developing both the basic insights
of the theory, as well as some of the key insights from a practical
mechanism design perspective.
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5.4.1 Methodology

An auction is a basic format for sale of an item. We consider auctions
with R bidders, where bidder r has a valuation vr ≥ 0 for the item.
The setting we consider is known as a private values setting: each
bidder has their own valuation for the item, and their utility is directly
determined by only this valuation. (We later contrast this with a
common value setting.)

Each bidder chooses a bid br ≥ 0, giving rise to a composite bid
vector b = (b1, . . . , bR). In the model we consider, an auction is specified
by two components:

(1) The allocation rule. The first component of the auction deter-
mines the winner (if any). In particular, let xr(b) = 1 if bid-
der r wins the item, and zero otherwise. Since only one item
is for sale, we have the constraint that

∑
r xr(b) ≤ 1. In most

of the auctions we consider, the highest bidder will win (if
unique); in this case, xr(b) = 1 if br > bs for all s �= r. (For
completeness, such an allocation rule must also specify how
to break ties in case multiple agents submit the highest bid.)

(2) The payment rule. The second component of the auction
determines how much participants must pay. In particular,
let wr(b) be the total payment that bidder r is asked to make,
when the bids are b.

Bidder’s utilities are quasilinear, so in particular when the bid vector
is b, bidder r’s utility is:

vrxr(b) − wr(b).

The mechanism designer’s problem is to design the allocation and
payment rules to achieve a desired outcome in equilibrium (e.g., alloca-
tion of the good to the highest valuation bidder, or revenue maximiza-
tion). Typically, one of three notions of equilibria are studied: weak
dominant strategies; Nash equilibrium; or Bayesian–Nash equilibrium.

5.4.2 Examples

In this section, we describe three examples of auctions that can be
studied using this framework.
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Example 5.6 Second price auction (revisited). The second price
auction was defined in Example 5.5, as an example of a VCG mecha-
nism. For this mechanism, the allocation rule and payment rule are as
follows:

xr(b) =

{
1, if br > bs, s �= r;
0, if br < max

s 
=r
bs;

wr(b) =

{
max
s 
=r

bs, if xr(b) = 1;

0, otherwise.

(Note that we leave unspecified the tiebreaking rule when multiple
agents have the same bids; any reasonable rule can be used.)

We have already shown that truthful declaration of one’s valua-
tion is a weak dominant strategy for this auction, so in particular,
that also gives rise to Nash equilibria and Bayesian–Nash equilibria as
well. Formally, for any configuration of valuations (v1, . . . ,vR), the bid
vector where br = vr for all r is a Nash equilibrium. To study Bayesian–
Nash equilibria, suppose that the valuations are drawn from some dis-
tribution F . Then the truthful declaration strategy vector a where
ar(vr) = vr for all r is a Bayesian–Nash equilibrium as well.

Example 5.7 First price auction (revisited). The first price auction
was described in Example 3.7. For this mechanism, the allocation and
payment rule are as follows:

xr(b) =

{
1, if br > bs, s �= r;
0, if br < max

s 
=r
bs;

wr(b) =
{

br, if xr(b) = 1;
0, otherwise.

As before, the definition in case of ties is left unspecified here, though
any reasonable rule typically suffices.

It is straightforward to show that the first price auction has no
(weak or strict) dominant strategies; we leave this as an exercise for the
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reader. We thus turn our attention to Nash equilibria and Bayesian–
Nash equilibria.

We start by considering Nash equilibria. Suppose that there are R

bidders, with valuations v1 > v2 > · · · > vR. In general, Nash equilibria
may not exist, depending on the tiebreaking rule; informally, the high-
est valuation bidder should be able to win at a bid which is infinitesi-
mally larger than the second highest valuation, but the allocation and
payment rules have a discontinuity at that point. We resolve the issue
by choosing a particular (unrealistic) tiebreaking rule: we suppose in
case of ties that the item is awarded to the highest valuation bidder.
(Of course such a rule cannot be implemented without knowing the
valuations!) In this case it can be shown that the bid vector where
b1 = v2, and bs = vs for s ≥ 2, is a Nash equilibrium: the highest val-
uation bidder wins the item, and pays the second highest valuation.
(With a general tiebreaking rule, a similar insight can be obtained by
turning to the ε-Nash equilibrium solution concept, where bidders are
only asked to maximize payoff to within ε of their optimal utility.)

Next, we consider Bayesian–Nash equilibria. Suppose that agents’
valuations are drawn from a uniform distribution on [0,1], indepen-
dently across bidders. In this setting, we already showed in Example
3.7 that in the case of two bidders, a Bayesian–Nash equilibrium of the
auction is where ar(vr) = vr/2, i.e., each agent bids half her value. More
generally, it can be shown that with R bidders, there exists a Bayesian–
Nash equilibrium where each agent bids ar(vr) = (R − 1)vr/R. Note
that in these equilibria, players are not truthful, because when they
win they have to pay what they bid. Thus agents are trading off the
benefits of bidding higher (to increase the chance of winning) against
the benefits of bidding lower (to lower the required payment upon
winning).

Example 5.8 All-pay auction. We conclude with one other auction
model; in an all-pay auction, the highest bidder wins, but all bidders
must pay what they bid, regardless of whether they win or lose. All-pay
auctions are commonly used to model scenarios where bidders’ incur a
sunk cost before they know the outcome of the auction. For example,
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a simple model of competition for wireless channel might involve an
all-pay auction, where the “bid” of a device is the power it uses to
transmit. If we assume the highest power device “wins” the channel
(i.e., successfully transmits), then we obtain an all-pay auction, since
all devices incur a power cost (even those that are unable to transmit
successfully).

Formally, the allocation and payment rules of an all-pay auction are
defined as follows:

xr(b) =

{
1, if br > bs, s �= r;
0, if br < max

s 
=r
bs;

wr(b) = br.

As before, we leave the tiebreaking rule unspecified in case of multiple
bidders with the highest bid.

The all-pay auction is somewhat unusual: there are no (weak or
strict) dominant strategies, and there do not exist any pure strategy
Nash equilibria. There does exist a mixed strategy Nash equilibrium,
however. We leave proofs of these facts as exercises for the reader.

The all-pay auction does possess Bayesian–Nash equilibria in
general. In particular, suppose that agents’ valuations are drawn uni-
formly on [0,1], independently across bidders. Then it can be shown
that with R bidders, it is a Bayesian–Nash equilibrium for every agent
to bid according to ar(vr) = (R − 1)vR

r /R. Notice that this bid is even
lower than the equilibrium bid in the Bayesian–Nash equilibrium of the
first price auction, since vR

r ≤ vr; because bidders pay even when they
lose, they become even more cautious. In particular (and in contrast to
the first price auction), as R → ∞, individual bidders’ bids converge to
zero.

5.4.3 Discussion

Revenue equivalence and payoff equivalence. With independent private
values, Bayesian–Nash equilibria of many auctions similar to those
above exhibit two remarkable features known as revenue equivalence
and payoff equivalence. In particular, consider any auction format where
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(1) the highest bidder always wins; and (2) a bidder who bids zero earns
zero utility (i.e., does not win and makes no payment). Also, assume
that valuations are drawn i.i.d. from a distribution F . Finally, given R

bidders, let a be a Bayesian–Nash equilibrium of the auction that is
symmetric, i.e., where ar(vr) = s(vr) for some function s that is con-
tinuous and strictly increasing with s(0) = 0; here symmetry means
that all bidders use the same functional form to map their valuation
to a bid.

In this setting, the payoff equivalence theorem states that the
expected payoff to a bidder with valuation v in equilibrium is indepen-
dent of the auction format, and in particular given by

∫ v
0 F (v)R−1 dv;

and the revenue equivalence theorem states that the expected revenue
to the auctioneer is independent of the auction format, and in particu-
lar the same as the expected revenue in the truthful equilibrium of the
second price auction — i.e., the expected value of the second highest
valuation. (We omit the proofs of these two results; see the endnotes
for references and further reading.)

This pair of results are significant in the auction theory literature,
because they demonstrate that key quantities — payoffs and revenue —
are insensitive to auction format in a broad sense, provided that one
focuses on symmetric Bayesian–Nash equilibria. In particular, from a
practical standpoint, the two results are often used to suggest that the
particulars of the format are inessential. Of course, in practice, there
are many reasons to be skeptical of such an argument: the assumptions
behind the two equivalence theorems are strong, since bidders must not
only have i.i.d. private valuations, but they must also hold exactly the
same beliefs about those valuations as well, and also must bid following
the same functional strategy in equilibrium. Further, bidders must have
only scalar valuations — such equivalence results typically break down
with multidimensional valuations. Finally, it is critical that we focused
only on a single shot auction; in dynamic settings where auctions are
repeated over time, the equivalence theorems typically break down.
Thus, rather than suggesting that auction format does not matter,
these results focus our attention on those features of practical auction
designs that do in fact have a significant impact on allocative efficiency
and revenue.
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Risk neutrality. When using Bayesian–Nash equilibria for auctions,
one assumption that is central to our analysis is that players are risk neu-
tral, i.e., they care only about their expected wealth. This assumption
can be questioned, and indeed there has been significant work addressing
models that relax this assumption. Typically, the assumption is relaxed
by assuming that agents maximize expected utility, where their utility
function is a function of final wealth. Unfortunately, the cost of this modi-
fication is often the loss of tractability; for example, thepayoffandrevenue
equivalence theorems typically no longer hold.

Optimal auctions. The literature on optimal auctions typically con-
cerns the design of auction formats that maximize an objective of direct
interest to the auctioneer; the most common optimal auction design
problems involve revenue maximization. In the Bayesian setting, the
preceding results suggest that if the auctioneer wishes to maximize
revenue, then something other than auction format should be varied.

Under some assumptions on the distribution of bidder valuations,
it can be shown that revenue can be maximized if the auctioneer sets
a reserve price. In an auction with a reserve price, the highest bidder
wins the item only if her bid is greater than the reserve; otherwise, no
one wins the item. It can be shown that if bidders’ valuations are drawn
i.i.d. from a distribution with monotone hazard rate (the uniform dis-
tribution is one such example), then the expected- revenue-maximizing
auction is a second price auction with a positive reserve price.

Reserve prices seem puzzling at first glance, since in some situations
the auctioneer is guaranteed to earn nothing; how, then, do reserves
help increase expected revenue? The key insight is that reserve prices
ensure that high valuation bidders sometimes pay much more than
they would have paid without the reserve; in particular, if all other
bidders’ valuations are low, then the high valuation bidder receives
quite a discount in a standard second price auction. With the reserve
price, however, the auctioneer is able to extract much of this value for
herself. This is an important insight from optimal auction design: the
auctioneer wants to extract revenue from high valuation bidders; but
since the auctioneer doesn’t have a priori knowledge of the bidders’
valuations, targeting the high valuation bidders typically means some
revenue from low valuation bidders must be relinquished.



274 Incentives

We conclude by noting that for the optimal auction problem to
be well-formulated, an additional constraint is required: namely, that
each agent will voluntarily choose to participate in the auction. This
constraint, known as individual rationality, typically plays a critical
role in mechanism design problems where the objective is not simply
Pareto efficiency, but something else (e.g., revenue maximization). In
the absence of such a constraint, the bidders can be “held hostage” and
forced to pay arbitrarily high amounts — a clearly implausible market
design. Indeed, informally, in many settings an optimal mechanism is
found by maximizing the desired objective subject to the constraint
that the resulting mechanism is both individually rational and incentive
compatible; we see one example of this in our discussion of the principal-
agent problem in the following section.

The role of the equilibrium concept. As already suggested by our
analysis of equilibria in the three auction formats, there can be signifi-
cant differences in our predictions for auction outcomes depending on
which equilibrium concept we choose to work with. Here we emphasize
that point by comparing revenues and efficiency in the first and second
price auctions.

We start with dominant strategies. As noted above the second price
auction has a weak dominant strategy (truthtelling), while the first
price auction has no dominant strategy. If all agents tell the truth in
the second price auction, then the efficient allocation is achieved: the
highest valuation bidder receives the item. Further, the revenue to the
auctioneer is the second highest valuation. Thus, a dominant strategy
view of the two auction formats suggests the second price auction is
preferable.

However, now consider Nash equilibria. It is straightforward to
establish that there exist Nash equilibria of the second price auction
where bidders other than the highest valuation bidder win the item.
For example, suppose that with two bidders with valuations v1 > v2,
bidder 1 bids b1 < v2, and bidder 2 bids b2 > v1. Then bidder 2 wins,
and bidder 1 has no incentive to deviate. Admittedly, this equilibrium
is somewhat strange, as it requires a potentially implausible threat
from bidder 2 to bid above bidder 1’s valuation. However, it is worth
noting that no such inefficient Nash equilibria exist for the first price
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auction (with the tiebreaking rule introduced above): all Nash equi-
libria of the first price auction have the item allocated to the highest
valuation bidder.

We now consider revenues at Nash equilibria. Even when agents are
restricted to bid no more than their valuations, there exist Nash equi-
libria of the second price auction where the revenue to the auctioneer
is zero: in particular, in the example above, it is a Nash equilibrium for
bidder 1 to bid b1 = v1 and bidder 2 to bid b2 = 0. On the other hand,
in a first price auction (with the tiebreaking rule introduced above),
the revenue to the auctioneer in a Nash equilibrium is never lower than
the second highest valuation. (We leave a proof of this as an exercise
for the reader.)

The preceding discussion suggests that if the equilibrium concept
used is Nash equilibrium, then perhaps the first price auction appears
somewhat more attractive than the second price auction. However, as
we discussed in Chapter 3, justifying the use of Nash equilibria typi-
cally requires agents to have more information about each other than
is required for justification of dominant strategies. More generally, this
discussion illustrates the importance of understanding equilibrium con-
cepts: the choice of equilibrium concept can have a first order impact
on how an auction format performs. Therefore it is critical that the
equilibrium concept be chosen to match the information structure in
the application of interest as closely as possible.

Common values and the “winner’s curse. In all the examples we
have considered so far, individuals have private values; in other words,
their payoff depends only on a single quantity that is known to them.
An alternative model is one with common values; in the most extreme
case, a common value auction is one where the value of the item is the
same to all bidders. Such auctions are most interesting when bidders
do not know this common value a priori, but rather receive a noisy
signal of what it might be.

In Bayesian–Nash equilibria of the auction formats discussed above
with common values, it can be shown that players typically underbid
relative to the bid they would make without the common value assump-
tion (in a sense that can be made precise). This effect is known as the
“winner’s curse”: by winning the auction in a common value setting,
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a bidder instantly feels regret, because she knows that all other bidders
received signals that suggested a lower bid was optimal. Therefore the
winning bidder “wishes” she had bid lower. Since bidders are ratio-
nal, they factor in this regret ex ante prior to submission of their bid,
leading to a lower bid than they otherwise would make. Though not
immediately apparent, the winner’s curse is another example of adverse
selection at work (cf. Section 2.6): particularly in a setting with many
bidders, the winning bidder knows that she was most likely poorly
informed relative to the population of bidders at large.

Other auction formats. The auctions we have discussed thus far in
this section have two distinguishing features. First, the space of bids
available to an agent is the same as the space of valuations (the nonneg-
ative real numbers in both cases); in other words, we could alternatively
view these auctions as mechanisms where individuals are directly asked
to reveal their valuation (as in VCG mechanisms). Such mechanisms —
where the strategy space of an agent is the space of valuations — are
known as direct mechanisms. A central result in optimal auction design,
the revelation principle, argues that in finding an optimal mechanism
it suffices to restrict attention to direct mechanisms, and for this rea-
son much of optimal mechanism design focuses on direct mechanisms
alone.

In practice, however, there may be restrictions that make direct
mechanisms impractical; this is particularly the case in settings where
valuation functions can be quite complex. For example, combinatorial
auctions are market mechanisms where individuals bid over bundles of
goods. With N goods, an individual bidder’s valuation function is a
2N -dimensional object: one valuation for each possible bundle. Clearly
working with exponentially large bids is prohibitive; as a consequence,
these are settings where more reasonable indirect mechanisms are often
favored.

Even in cases where direct mechanisms are practical, indirect mech-
anisms are often favored. For example, a well-known indirect mecha-
nism for auctioning a single good as in our examples is an ascending
price auction in which the auctioneer announces a price for the good
and bidders respond if they are willing to buy. The auctioneer then
increases the price of the good until there is only one bidder remaining.
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This implements the same outcome as the second price auction, but
is typically preferable in practice: it is “simpler” for bidders to under-
stand, and as a consequence discovery of the correct clearing price is
easier to ensure.

The second distinguishing feature of the auctions we consider is
that they are static. In practice, most instances of auctions employed
are actually repeated or dynamic. A prominent example is provided by
the sponsored search auctions run by Google and Microsoft. These are
markets where advertisers bid on keywords, and the market auctions
off attention from visitors who search on those keywords (formally,
the markets sell clicks from searching users). These are markets that
are literally run on every search conducted — as a consequence, bil-
lions of auctions per day. Although a first-cut analysis of such dynamic
markets typically focuses on understanding the static mechanism first,
dynamic and repeated auctions can lead to significant challenges in
understanding incentives. This remains a fruitful and active area of
current research.

5.5 The Principal-Agent Problem

We conclude this chapter by discussing the canonical model at the
foundation of the theory of contracts in economics, known as the
principal-agent problem. In some sense, the principal-agent problem is
at the heart of the study of incentives and mechanism design: in par-
ticular, how do we design mechanisms that incentivize others towards
desired behavior? The principal-agent problem codifies this problem
in a setting where one party (the “principal”) wishes to motivate
another self-interested party (the “agent”) to take actions that are in
the principal’s best interest. The principal’s vehicle is a contract that
sets terms for how the agent will be paid; the principal-agent problem
then concerns design of an optimal contract. Principal-agent problems
abound throughout economics; some specific conceptual examples are,
e.g., contracts between content providers (the principals) and network
service providers (their agents); and even regulation imposed by the
government (the principal) to encourage network service providers
(the agents) to provide “neutral” service.
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5.5.1 Methodology

A central feature of the principal-agent problem that we study is moral
hazard: namely, in many settings, the principal does not have the abil-
ity to observe the actions of the agent, and thus cannot contract on
the action itself. Rather, the principal only observes the eventual out-
come (and her own utility as a result). As a consequence, the principal
can only contract on the outcome. The main issue we investigate is
whether the principal can design a contract only on the outcome that
incentivizes the agent to take actions in the principal’s best interest.

It should be clear that to do so, the principal needs to somehow
align the agent’s payoff with the outcome of the project itself. To make
this intuition formal, we consider a simple model with the following
features.

(1) Actions. The action of the agent is a real number a ≥ 0; we
interpret a as “effort,” with higher values meaning higher
effort.

(2) Outcome. We assume the outcome of the work is y = a + ε,
where ε is a random variable with zero mean that is initially
unobservable to either the principal or the agent.

(3) Linear contract. For simplicity, we restrict attention to set-
tings where the payment from the principal to the agent is
of the form w = s + by, where s and b are both parameters
to be chosen.

(4) Payoffs. We assume the principal wishes to maximize her
expected payoff, and thus wants to maximize E[y − w]. The
agent incurs a cost of effort c(a) per unit effort expended;
we assume c(0) = 0, and that c is strictly convex and strictly
increasing over a ≥ 0. The agent chooses an action to maxi-
mize her net expected payoff, which is E[w − c(a)].

(5) Participation. We allow the possibility that the agent may
choose not to accept the contract; in this case the principal
earns zero payoff, and the agent earns a reservation utility w.

The sequence of events is as follows. The principal offers a linear
contract to the agent (a particular choice of s and b), and the agent
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chooses whether to accept or reject. If the agent accepts, she then
chooses an action a. Finally, the noise ε — and hence the outcome y —
are realized, yielding the payment to the agent and the payoff to the
principal.

The principal’s goal is to choose s and b to maximize her own pay-
off, assuming the agent will be self-interested. Formally, this can be
seen as a maximization problem subject to two constraints: individual
rationality (the agent will only participate if it is beneficial in expected
payoff terms to do so); and incentive compatibility (conditional on par-
ticipating, the agent will take an action to maximize her own expected
payoff).

What contract should the principal choose? Observe that the util-
ities of both the principal and agent are quasilinear (cf. Section 2.4),
and thus any (Pareto) efficient outcome must maximize the sum of their
expected payoffs, i.e.:

E[y − c(a)] = E[a + ε] − c(a) = a − c(a). (5.9)

We refer to the preceding quantity as the total expected surplus. Note
that by our assumptions on c, there exists a unique a∗ > 0 that maxi-
mizes the preceding quantity.

To gain some intuition, we first consider the case where w = 0, i.e.,
as long as the agent has a nonnegative expected payoff from signing
the contract, she will participate. In this case, observe that the princi-
pal can offer the agent a contract with b∗ = 1 and s∗ = c(a∗) − a∗ (the
negation of the maximum total expected surplus). If the agent now
considers choosing action a∗, her expected wage will be w∗ = E[s∗ +
b∗y] = c(a∗) − a∗ + a∗ = c(a∗), and she will earn expected payoff s∗ +
b∗

E[y] − c(a∗) = 0, and thus be exactly indifferent between participat-
ing and not participating. Further, in this contract, the principal earns
an expected payoff of E[y − w∗] = a∗ − c(a∗), the maximum possible
total surplus. It is clear that the principal can do no better than this: the
contracted wage needs to be at least enough to compensate the agent for
the cost of action, and subject to this constraint, a∗ − c(a∗) is the maxi-
mum attainable expected payoff. A similar analysis can be carried out if
w > 0; in this case the optimal contract still has b = 1, but the principal
must sacrifice some surplus to incentivize the agent to participate.
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Observe that in this setting, despite being unable to observe the
action of the agent directly, the principal is able to structure a con-
tract that generates the best possible ex ante choice of action. This
is sometimes called the “first-best” outcome (cf. Section 2.4). From a
contractual standpoint, this is the best benchmark the principal can
hope for.

5.5.2 Discussion

Moral hazard and adverse selection; signaling and screening. As noted
above, principal agent problems typically exhibit moral hazard, i.e., the
situation where there is hidden action as part of the model. This can
be contrasted with adverse selection, where there is hidden information
about an agent’s preferences. For example, the “market for lemons” dis-
cussed in Section 2.6 exhibits adverse selection: in that model, a buyer
does not know in advance the quality of the car she purchases from a
seller, and lower quality sellers are incentivized to take advantage of
buyers’ lack of information. Taken together, moral hazard and adverse
selection present two of the most significant classes of asymmetric infor-
mation in economic models.

In settings with adverse selection, two kinds of principal-agent prob-
lems may arise. One is of the form described above, where a principal
offers a contract structure before the agent makes a decision; in this case
the goal is to structure the contract to reveal as much information about
the agent as is necessary for the principal to maximize her utility. Such
problems are called screening problems. By contrast, our discussion of
the market for lemons should be viewed as a setting with signaling: for
example, in eBay, the advertisement of a seller (the agent) is a signal
of the quality of the good; based on this advertisement a buyer (the
principal) must decide whether they want to bid for the good or not.
The key distinguishing feature between screening and signaling is the
order of moves: in a screening setting, the principal moves first; in a
signaling setting, the agent moves first.

Losses of efficiency, contracting on the outcome, and risk aversion.
In our model, both the principal and the agent are risk neutral: they
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directly contract on the payoff. The model can change significantly if
this assumption is violated; here we briefly discuss the consequences of
a risk averse agent.

A risk averse agent can be modeled by assuming that the agent
maximizes E[U(w)] − c(a), where U is some strictly concave, strictly
increasing function of the wage. In this case, note that the uncertainty
in the wage (due to ε) is no longer eliminated. This induces a dilemma
in incentivizing the agent: contracting directly on the outcome (b = 1)
aligns incentives properly, but may force the agent to decline the con-
tract as too risky; on the other hand, a contract that is flat rate (b = 0)
removes risk from the agent’s point of view, but suffers from poor con-
trol of incentives (since it is no longer tied to the outcome). The optimal
contract in this case must do enough to assuage the agent’s concerns
about risk while also incentivizing her at the same time, and generally
has 0 < b < 1 (when optimizing among linear contracts). Further, and
as a consequence of risk aversion of the agent, the first-best outcome is
typically no longer sustainable. There is some loss of efficiency as the
balance between managing incentives and managing risk enters into the
principal’s optimization problem.

5.6 Endnotes

Many of the topics in this chapter are covered in greater detail in
standard textbooks on microeconomic theory; see, e.g., Mas–Colell
et al. [24] or Varian [39]. Some specific references related to material in
each section follow.

Pricing. The pricing of externalities was first formalized by
Pigou [35]. The example of interference prices was drawn from the
work of Huang et al. [16].

VCG mechanisms. For foundational reading, see the seminal papers
of Vickrey [40], Clarke [8], and Groves [13]. See also Section 23 of the
textbook by Mas-Colell et al. [24].

Auctions. A useful introduction to auction theory, including cover-
age of the payoff equivalence and revenue equivalence theorems, optimal
auctions, and common values, is the text by Krishna [21].
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For a discussion of Vickrey auctions in practice (and why they are
rare), see Ausubel and Milgrom [3]. See also Johari and Tsitsiklis [17]
for a discussion of the strategic complexity of VCG mechanisms.

The principal-agent problem. A comprehensive introduction to
principal-agent problems and contract theory is provided by Bolton
and Dewatripont [7].
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